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PREFACE. 



The Elementary Course, which this volume is intended to 
accompany, contains merely the practice of Mathematics, 
the principles being left to the explanations of the teacher. 
It was by no means intended that theory should be ex- 
cluded : the Author would most decidedly condemn such a 
method of teaching any branch of Mathematics ; but to 
beginners^ as explained in the Pre&ce to the Course^ demon- 
stration and explanation come with most effect from the 
teacher's lips. When rules, exercises, and demonstration 
are blended together in the same pages, the younger pupil 
is too apt to regard the whole as a confused mass, and that 
which is intended to elucidate not unfrequently obscures. 
On the contrary, when the manual employed contains 
merely the work to be done and the rules for doing it, while 
the teacher is left to bring out and establish the principles, 
either by full and regular demonstration, by shorter remarks 
made at intervals, or by the Socratic method— of interro- 
gation, the pupil obtains a clear idea of the whole, the 
teacher is furnished with a convenient claiss-book, and both 
teacher and pupil have in their hand that which can be used 
readily as a book of reference. 

The method of giving the demonstrations in the form of 
foot-notes is another alternative ; but it is so well known 
to be unsatisfax^tory that it is not necei^sary to dwell 
upon it. 

In this volume the teacher is furnished with the neces- 
sary material for his explanations. To junior teachers this 
may be necessary ; and even to one mor^ «x.^«nKaRfe^\\.\a> 
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sometimes useful to have at hand a complete view of the 
business before him, that he may be reminded of what 
needs demonstration, and of the order in which the arrange- 
ment of the text-book requires it to be introduced. 

In the demonstrations employed, simplicity has always 
been aimed at when compatible with perfect accuracy. 
For this reason particular instead of general expressions 
are often used to illustrate principles. That method is 
quite allowable, and is no infringement of strict demon- 
stration, when the particular expressions employed are 
used only for illustration, and when the reasoning has no 
peculiar application to those expressions more than to 
others.* 

The solutions will seldom be required by the teacher for 
any difficulty the exercises may present ; but it may save 
him trouble, when operations of some length are necessary, 
to have the figures ready at his hand for reference. The 
Author's apology for inserting solutions of other exercises, 
neither difficult nor laborious, is, that a student, who has 
not the advantage of a master, may be enabled to instruct 
himself by the use of the two volumes together, and may 
find every difficulty removed that can possibly obstruct his 
progress. The simplest and most detailed solutions will 
be found at the commencement of the course and of each 
particular subject, greater conciseness being introduced in 
subsequent stages. 

In the course of this volume the Author has taken the 
liberty to introduce a new sign, which, he is persuaded, 
will require no apology as soon as its use is understood, 
for he is well satisfied that the want of it has been experi- 
enced by every Algebraist, and every student of Algebra, 
in innumerable instances. It is only surprising that the 
desideratum should not have been supplied long ago. The 
sign, =, is vague, sometimes signifying the mere idea of 
equality, at other times asserting that such equality exists. 
At one time it conveys an affirmation, at another time a 
mere allusion. It is therefore proposed to separate the two 
uses, giving a distinct sign to each, and that with as slight 
a deviation as possible from established use. The old 
symbol, = , will be retained in the adjective sense, and a 
new one, = , is introduced for the verb. The former is read 
simply eqital to, and the latter, is equal to. 

Suppose, for instance, that the following simple steps 

* What else are the diagrams of Euclid ? 
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occurred in a^ investigation, expressed without the pro- 
posed change, thus, — 

6 = 3, and c = 5. 

Who can say by which of the three signs in the last line 
the affirmation is made, or, in other words, on which of 
them the force of the " .*. " fells I We may make it out by 
examining for ourselves ; but the mere statement, as it 
stands, is ambiguous, and in more complicated expressions 
that ambiguity often proves a serious hindrance to the 
reader. With the alteration now introduced the same 
statements will be expressed thus, — 

6 = 3, andc = 5. 
.•.a2 = 6c = 3x5 = 15. 

This is read, ^^ h is equal to 3, and c is equal to 5. There- 
fore d^, which is equal t« be, is equal to 3 times 5, which 
again is equal to 15." 

Another innovation, the Author is convinced, will also 
prove useful, viz. a distinction between the signs expressing 
necessary and contingent equality. Thus when we say 
a* = 6c, the sign = conveys a very different meaning from 
what it does when we say 3x5 = 15. In the latter case 
it expresses identity in actual value, and in the former mere 
accidental equality under the peculiar values given to a, 6, 
and c. The former might be expressed thus, = , the latter 
thus, =. With this change, returning to the example 
above, the last line would stand thus, — 

.•.a2=6c = 3x5 = 15, 

which will be read thus, " Therefore a^, equal, in this in- 
stance, to 6c, is equal, under the present supposition, to 3 
times 5, which is identical in value with 1 5." 

Corresponding modifications might be introduced into 
the signs > and < . 

Another instance may be given, taken from a standard 
work, to show the necessity for the innovation proposed. 
The particular example is not taken as in any way peculiar, 
but as one among thousands. The equations, in the ori- 
ginal, stand thus : — 

Cos^+cos6.55J? = 0; 

sm (j) 

.'.sin cos ^+sin 6 cos <^ = 8in (5|>-v6^=Q=««1'k, 
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Where, then, does the assertion, m the second line, rest ? 
We can tell only by examining the process. On the sys- 
tem proposed it would be written thus : — 

Cos ^ + cos 6.^ = 0: 

sin 

.*. sin <^ cos ^4-sin 6 cos ^ = sin (0 + ^) = O = sin tt. 

These changes, the Author feels confident, would in- 
troduce a clearness and precision into the symbolical lan- 
guage of Algebra, of which it has hitherto been destitute. 
In this volume, however, only the first of the alterations 
alluded to is brought into use. The others are left, for the 
present, to the consideration of Mathematicians. Neither 
has the new sign, = , been introduced into the Elementary 
Course itself, but merely into this volume. In the former 
it is not necessary, as no demonstrations are introduced and 
no ambiguity can occur. It is thus left open to the teacher 
to introduce the use of the new sign or not as he may think 
proper: where the demonstrations are accompanied by 
verbal explanations, it is not absolutely necessary : it is 
when the expressions reach the eye only, and when Algebra 
is used in reasoning processes, that the Author regards the 
use of the signs proposed as almost indispensable. 

Edinbubgh, Jem. 1, 1852. 
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CHAPTER I. 
DEFINITIONS AND EXPLANATIONS. 

Article 12. — Exercise 1. 
Answer: 63; 63; 80; 80; 4; 3; 15; 15. 

Exercise 2. 

6+0 = 8; ft-c = 4; 5±c=8or4; a-^ = 10; 

a + 6+c+d+e = 19 ; a-ft+c— rf=5; 

ax 6 = 60; 6.c = 12; a6c = 120; a^cdc=0; 

a-^c = 5; - = 3; -=i. 
c c 

a + ft . Q a — h . o ac'-cd . « 
= o; = ^5 — I — =o» 



Article 16. — Exercise. 
Answer : 2 ; 3 ; and 5. 

Ai^ticle 23. — Exerdse. 

Answer: 144; 125; 32; 8; %\ ^cA'i.. 

1 *A. 
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CHAPTER II. 

ADDITION. 

Problem I. 

Demonstration of the JRules. 

The rule for the first Case is self-eyident, if attention is 
given to the explanation of positive and negative numbers 
in Chapter i, Article 8. + and — , prefixed, merely indi- 
cate certain qualities of the quantities to be added, and if 
all the quantities have the same quality, their sum will 
also have that quality. As 5 apples added to 8 apples are 
8 apples, or 5 pears added to 3 pears are 8 pears, so + 5 
added to + 3 will be + 8, and — 6 added to — 3 will be — 8. 

The reason of the rule for Case 2 is almost equally 
simple, for it results, from the same explanation of positive 
and negative numbers, that + 5 added to — 5 is 0, that 
+ 7 added to — 7 is ; and, in general, if w be any num- 
ber, that +m added to — wi is 0. Now, suppose we are 
required to add —6 to +8, we know, by Case 1, that 
+ 8=+6 + 2, and if-6be added to this, - 6 added to 
+ 6 is 0, and the + 2 remains as Hie sum. Again, if + 6 
is to be added to —8, we know, from Case 1, that 
_g= -.6-2, and if + 6 be added to this, + 6 added to 
— 6 is 0, and — 2 is left as the sum. And, in general, if 
we are required to add — n to -^m-^n, the result will be 
+ m ; but if to add + w to — (m -f w) or (which is the same 
thing) to — w — w, the result is — w. 

The rule for Case 3 follows from the rules for the two 
preceding cases. Those for Cases 4 and 5 need no expla- 
nation. 

Problem n. 

None of the rules under this Problem require demon- 
stration. 

Exercise 9. 

+ 3(a+6)-6(a-ft) 
-6(a+J) + 4(a~J) 
+ 7(a-f J) + 7(a-^) 

Ans. +3(a+ft)+7(a-J). 
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CHAPTER III. 
SUBTRACTION. 

Dmwnxtraiiim of the Rule. 

When the quantity to be subtracted fcmns a part of tliat 
from which it is to be taken, we have merely to remove 
that part, the simplest idea of Subtraction being the re- 
moving of a part from the whole. Thus, + n subtracted 
from m + n, gives m, and — q subtracted from p — q^ gives p. 

But if the subtrahend is no part of the minuend, we may 
alter the form of the minuend (without changing its value) 
so that the subtrahend shall be equivalent to a part of it. 
Thus we know, by the rules of Addition, that m = wi 
+ (» — »)=w + n — «: and, if we are required to subtract 
+ n from m (iw being any quantity, positive or negative), 
instead of taking + n from m let us take it from its equal, 
m-^-n—n^ and Uiere remains m—n\ so that subtracting 
+ n is equivalent to adding — n. Again, if — n is to be 
subtracted from m, we take it from its equal m + ^ — ^9 and 
there remains m -f- ra ; so that subtracting — n is equivalent 
to adding + n. 

The reason of the rule for Subtrax^tion may be rendered 
still more familiar to beginners by reverting to the illus- 
trations given of positive and negative quantities in Article 
8 of Chapter i. Thus, regarding 4- as indicating property, 
and — , debt, we know that taking away property from 
any one is equivalent to adding just as much to his debt, 
or taking away so much of his debt is equivalent to giving 
him so much property. 



CHAPTER IV. 
THE VINCULUM. 

Demomtration of the Rules. 

Rules 1 and 2 are mere definitions or explanations. 
Rules 3 and 4 are derived respectively from the rules 
for Addition and Subtractic»i. 
Rule 5 results from 3 and 4, 

3 
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Rule 2. — Exercise 1. 
Answer : 14 ; 2 ; — 14 ; and — 2. 

Exercise 2. 
Ans. 12; 100; 0; 216; 7; 3. 

Bvka 3 a/nd 4. — Exercise 1. 
Ans. a + &4-c; a-|-5 — c; a — 6 — c; a — 5 + c. 

Exercise 2. 
Ans. 10 + 6 + 2,^ 10 + 5-2; 10-5-2; 10-5 + 2. 

Exercise 3. 
Ans. 17; 13; 3; 7. 

Rule 5. — Exercise 1. 
Ans. a + (J + c); a + (6-c); a + (c — ft). 

Exercise 2. 
Ans. a — (6 + c), a — (6 — c), a— (c — ft). 



CHAPTER V. 
MULTIPLICATION. 

Problem I. 
Demonstration of the Rule. 

(1.) a X ft=aft, being synonymous expressions. See Ch. 
I, 11. 

(2.) aft==fta. Thus 3 times 4 is equal to 4 times 3. 
This is shown by placing the two factors in rows and cross 
rows. Thus, in the annexed diagram, we 
have either 4 rows of 3 in each row, or 3 ... . 
rows of 4 in each row, according as we tabs .... 
the rows vertically or horizontally. But the .... 
whole number is the same whether we count 

4 
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them the one way or the other. That is, 4x3 = 3x4; 
or, generally, ah^ha. 

(3.) ahc may either be regarded as a& x c, or as a x hc^ 
since the two expressions are equivalent. That they are 
equivalent is not absolutely self-evident, although familiar 
use leads us to suppose so. A particular case will eluci- 
date the principle most clearly. We are required to prove 
that 7x15 = 21x6, or that to multiply 7 by 15 is 
equivalent to multiplying 7 by 3, and the product by 5, 
which may be shown thus. The number 15 = 5 times 3, 
whatever the imit be : thus, 15 apples = 5 times (3 apples),* 
and 15 baskets of apples = 5 times (3 baskets of apples) : 
15 sevens, then, or 15 times 7, =5 times (3 sevens) = 5 
times 21 = 21 X 5. 

(4.) abc may also be regarded as oc x 5 ; for abc :=axbc 
= axch^ since 5c = c^, as shown above ; and axcb==acxb^ 
as just proved. 

(5.) if, therefore, one quantity is to be multiplied by 
the product of two others, or the product of two quantities 
to be multiplied by a third, or if the product of three 
separate quantities be required, in any of these cases, when 
the quantities are expressed by letters, we merely write the 
quantities together, and that in any order that may be most 
convenient. The same rule may evidently be extended, by 
the same process of reasoning, to any number of quan- 
tities ; and, if one or more numeral factors occur along 
with the literal quantities, the product of the former may 
be taken by itself, and placed as a co-efficient to the pro- 
duct of the latter. 

(6.) The rule for the sign is less simple, and, as applied 
to the product of two negative quantities, is not easily 
perceived by the learner. 

That multiplying by a positive number will not alter 
the sign of the multiplicand is clear, for taking m times 
any number of things will not alter the character of those 
things. Thus, m and n being any numbers, m times n 
pounds will be pounds, m times n miles will be miles ; s(^ 
m times any amount of property will be property, and m 
times any amount of debt will be debt ; m times any height 
will be height, and m times any depth will be depth. 
Therefore m times -h n will be -h mw, and m times — n will 
be — wiw. 

Or thus : — ^Multiplying by a positive quantity is equi- 

* The parenthesis is used here for the algebraical vinculum. Its u)&« \aak<i:% 
a nice distinction which must be attended to. 



6 ALGEBRA. 

yalent to adding the multiplicaiid to itself as many times 
as there are units in the multiplier : and, therefore, 

+ 5x3= +5 + 5 + 5=+ 15, 
and-5x3= -5-5-5= -15, 

by the first rule of Addition. 

The multiplier, m or 3, is, of course, the same as + m 
or + 3. 

Having proved that — multiplied by + gives — (or rather 
quantities with those signs attached to them), it may be 
supposed that the next case is also proved, viz. that + 
multiplied by — gives — , and, in £Eict, in many standard 
works this has been assumed.* But, although ( + n) 
X ( — m) is the same in result as ( — w) x ( + wi), yet in reality 
the processes are essentially different. We know readily 
what is meant by m times a negative quantity, such as 7 
times a given debt, but it requires explanation to show us 
what is meant by taking a positive quantity a negative 
number of times. To ascertain this clearly, let us see 
what we mean by taking any number so many times. 
Seven times a gallon is, of course, the same as seven 
gallons : so seven times a number is the same as seven 
such numbers added together : 7 times 10, for instance, 
just means 7 tens. A negative number of times, then, is 
explained in the same way : (minus 7)f times a gallon is 
just (minus 7) gallons ; and ( — 7) gallons means 7 gallons 
subtracted. So ( — 7) tens signifies 7 tens subtracted ; or 
any number taken ( — 7) times is identical with 7 times 
that number subtracted. Thus 10 x ( — 7) will be 70 sub- 
tracted, or — 70 ; 8 x ( — 5) will be 40 subtracted, or — 40 ; 
and, in general, ( + t/i) x ( — n) will be mn subtracted, or 
— mn. 

In like manner, ( — 10) x ( — 7) will be equivalent to 7 
times — 10 subtracted, that is to — 70 subtracted, which 
makes + 70 ; and, in general, ( — m) x ( — n) is the same 
as — 971 X n subtracted, or + mn. 

In every case, therefore, multiplying any quantity by a 
negative number changes the sign of that quantity. 

We have proved then that + into + gives +, that — 
into + gives — , that + into — gives — , and that — into — 
gives + ; or, as a general rule, that Uke signs give +, and 
unlike give — . 

* It will not do to assame this on the ground of what has already been prored, 
Tic. that oMs -B bo, for that was proTed only on the understanding that both 
a and fi were poaiHye qnantities. 
/ The parenUiesiB is again used for the algebrufial iVojCoSraan. 

6 
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The subject may be still further elucidated to beginners 
by analogy. Let them be shown by instances, that, when 
the multiplier and the multiplicand are both positive and 
the latter constant, the product always diminishes as we 
diminish the multiplier till both become together ; and, 
consequently, that if we diminish the multiplier still more, 
the multiplicand may be expected to diminish still more 
also ; so that, when the multiplier becomes negative, the 
product becomes negative. On the other hand, when the 
multiplicand is negative and constant, and the multiplier 
positive, that the product increases as we diminish the 
multiplier. For instance, —5x4= — 20 ; but —5x3 = 
— 15, which is greater than — 20. As the multiplier is con- 
tinually diminished until it vanishes, the product vanishes 
at the same time ; and consequently, extending the ana- 
logy, we may expect that, when the multiplier becomes 
less than 0, the product will become greater than 0. 

The latter method may not be regarded as strict demon- 
stration ; but it will show, at least, that there is nothing 
strange in the circumstance that multiplying a negative 
number by a negative number gives a positive number, 
but, on the contrary, that it is exactly what we might 
expect.* 

Note. The direction given in Note 1 arises, evidently, 
from the definition of the square of a number; for 

The rule contained in Note 2 is also almost self-evident. 
For instance, b^ xb^ = 6*, because P = bb and b^ = bbb ; and, 
consequently, b^ xb^ = bbx bbb = bbbbb = J*. 



Exercises. 

1. Ans. +crf, and +mnoot/, 

2. Ans. — 6abj and — 49icy. 

3. Ans. - BOa^f, and + ZOOaba^f. 

4. Ans. -28mny2^ 

5. Ans. +2ea^ca^. 

6. Ans. + 72a", and + SBa^ca:^. 

7. Ans. -34mV. 



* The method, adopted by many writers of authority) of demonttratiing the 
princ^le ftom binonual faotore, is rery unfatisfkotory, and is contrary to our 
usoal approred practice of establishing the complex by mevoa Qi\3ckft i6mi(^%a^^ 
not the simple 1^ means ot the complex. 

7 
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Problem II. 

Demonstration of the Rule. 

The rule rests on the fact that the product of the sum of 
two quantities by another quantity is equal to the sum of 
their separate products by that quantity ; and that the 
product of the difference of two quantities by another 
quantity is equal to the difference of their separate pro- 
ducts. Thus (m+w) xa = a;w + a/i, and {m — n)xa = am 

— an. The truth of that we may prove by placing (w+w) 
or (w — w) objects in a row and taking a such rows. 
Thus, if m is 3 ; n, 2 ; and a, 4 ; our 

row, for the sum, will contain (3 + 2) 

or 5, and we shall have 4 rows of 5 

in each row, which we see at once is 

equal to 4 rows of 2 in each added to 

4 of 3 in each. Therefore (3 + 2) 
x4 = (3x4) + (2x4). 

So, for the difference, our row will con- 
tain 3 — 2, or 1, and we shall have 4 rows 
of 1 in each, which is identical with 4 rows 
of 3, diminished by 4 rows of 2. Therefore 
(3-2)x4 = (3x4)-(2x4). 

If (w + w) X a==am + aw, and if (m — w) x a = aw — an, it 
follows that (w + 71 +^) X a = am + an + op, and (m — w 
'\-p)xa = am — an-\-pn; and, in the same manner, that 
(m + w— ^) X a==ma + wa— ^, and (m — n—p)xa = ma 

— na—pa; and, generally, that the same rule is applicable 
to any number of quantities connected in any way by the 
signs + and — . 

If the multiplier is the compoimd quantity and the mul- 
tiplicand the simple quantity, the principle is the same. 

Problem III. 

The demonstration of the rule for this Problem is the 
same as tiiat for the preceding. We take the multiplicand 
as one quantity (a), and we are required to show that 
ux (m ± n) =; am db an, which has been demonstrated under 
Problem ii. J£ there are more than two terms in the 
multiplier, the principle is the same. 



MULTIPLICATION. 'J 

Note. The processes in this and the preceding Problem, 
When all the quantities are positive, correspond exactly to 
those with which we are familiar in common Arithmetic. 
When we multiply 43 by 2, we proceed as in Problem n ; 
for 43 X 2 = (40 X 2) + (3 X 2) ; and when we multiply 39 
by 25 we proceed as in Problem in ; for 39 x 25 = (39 
X 20) + (39 X 5). 



Exercise 6. 

9a2+ 6ab + 4^^ 
3a - 2b 



27a^ + 18a^+12ab^ 
Ans. 27a« * * -Sb^ 



Exercise 7. 

- 4m2-|-10mn- 25na 

- 4m>-10win- 25na 

+ 16i»* - 40m8n+ lOOmV 

+ 40m*n - lOOwW + 250wn* 

+ lOOm^n^ - 250wn« + 625n*. 

Ans. 16m* * +100mV +625n*. 



Exercise 8. 

a^-Ba^x+Sax^ - x^ 
a^-\-Ba^x-\-3aa^ + x^ 

a«-3a*a; + 3aV-laV 
+ 3a^a? - 9a V + 9a V - 3a V 

+ laV - Ba^x^ + Bax^ - a:*' 
Ans. 0^ * -3aV * -f3aV * -^x^. 
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Exercise 10. 



8o' + 10a2 + 12a +14 
4a»- 5a2+ 6a - 7 

32a« + 40a« + 48a* + 56a8 

- 40a'^ - 50a* - 60a« - 70a* 

+ 48a* + 60a» + 72a« + 84a 

-56a»-70a«-84a-98 

Ans. 32a« * +46a* * -68a2 * -98, 



Fboblem IV. 

The rule requires no demonstration; it merely directs 
that to be done which is necessarily implied in the terms 
of the problem. 

Exercise 4. 

(a+*)x(a-.5) =a«-R 
(a2 + &«)x(a»-**) = a*-ft*. 



Exercise 5. 
(a + 6-c)x(o-6-l-c) = a2-ft2_^2ftc-c2. 

Exercise 6. 

{x -3)x(x + 3) = ic*-9. 

{x -5)x(a; + b) = a^-2b. 

(ic* - 9) X (ic* ~ 25) = a^ - 34ic2 ^ 225. 

Exercise 7. 

(ic* + a?y + ^2) X {x —yy==x^—y^, 
(ic2-a?y + y*)x(a; +y) =ic^+3^^ 
(aj8 -y8) X (a:« + y«) ^aP-f. 
10 



DinSION. 11 

CHAPTER VL 
DIVISION. 

Demonstration of the £ule. 

Division is the reyerse of Multiplication. In Multipli- 
cation we are required to take a certain quantity (or num- 
ber) a given number of times. In Division we are required 
to ascertain how many times a given number is taken to 
make another given number. That other number, then, 
(the dividend) we suppose to be the product of the other 
two, one of which (the divisor) is given, the other (the 
quotient) being to be found. But if the dividend be the 
product of the divisor and quotient, it must be made up of 
the &ctors of the divisor and quotient together. Con- 
sequently, in the case of simple quantities, if we desire to 
find the quotient, we have merely to separate the factors 
of the dividend, and take away from them those of the 
divisor, when those remaining will be the factors of the 
quotient. For instance, if we are required to divide abed 
by ab, what we mean is, to find by what number ah must 
be multiplied to make abed : now, whatever that number 
be, we luiow from multiplication that, when it is found, its 
factors along with those of ab must just make up abed, 
consequently the number must be cd^ or, in other words, 
must be the product of all the other factors of abed. 

This applies to the case in which all the factors of the 
divisor are found explicitly in the dividend. If they are 
not, another process is required. Let us take, first, the 
case of a -h 5, in which b has no factor contained in a. In 

that case the quotient is the fitu;tion -- ; fbr we shall after- 



waxds prove, when we come to the head of Fractions, that 
- X & = a. 

Next, to divide ac by dc, a and b being understood 
to have no common factor. Since ac=jxbcj ac-k-bc 



== f ? X bc\ -J- ^ = ?. Or thus :-Hjince we have proved 

that a^h^%t a and b being any numbers whatever^ it fol- 
h 

n 



12 AXOEBRA. 

lows that ac-¥hc=i^rr^ and this fraction reduced to its 

be 

lowest terms, is -. By either way the coinmon factor has 

disappeared. 

In the preceding demonstration, however, the subject of 
Fractions has been anticipated. The proof given to 
learners must therefore be incomplete in the present stage 
of their progress, and the rule must be assumed without 
demonstration till they have attained a more advanced 
position. 

The rule for the sign follows evidently from that of 
Multiplication. 

Exercise 1. 

mix 7C* 

Answers: 3a; -p-; -2w; and -f- — . 

AiZ 3 





Exercise 2. 


Ana /yS • » 


_ 1 y • * 


■xs^iio. ^ y 


b^ ' ^xy'z^ ' 




Exercise Z, 


7 
Ans. -^-zoc ; 
6 


and -Tj^ 




Exercise 4. 


Ans. —3-; 


and +13*"^. 



and + 



Qa^y 



a n 



Pboblem II. 
The demonstration of the rule rests on the principle 

n h 

that ((i=k^)-rm=-±-; and that we know, because 

mm 

h 



C^db -\xm = a±b. 
\m m/ 



m m 

Pboblex m. 

The rule depends upon the same principle as that of 
Problem ii, viz. that the whole of any quantity divided by 

12 



DIVISION. 13 

another quantity will be equal to the sum of the quotients 
arising from dividing the several parts of the former by the 
latter ; for the dividend is made up of the several products 
which make their appearance in the course of the operation, 
and of the remainder, added together. Thus, in the Ex- 
ample,, the dividend, c^ — Qa^b -f 12a6 — 8^^ is equivalent 
to 

-2a^ft 
4a«J + 8aft« 
+4aft2 







Now the first line of this, divided by a — 25, gives c? ; the 
second gives — ^ab ; and the third, + 4^. Therefore the 
whole quantity divided by a — 2 J is o* — 4aft + 452. If there 
had been a remainder, it would have formed another part 
of the dividend, and, as it would not have been properly 
divisible by a — 25, it would have been attached to the 
quotient in a fractional form, for we have before demon- 
strated that p -^ 9 = -^9 p and q being any quantities what- 
ever. 

Exercise 5. 

aj*-2a^-h l2cy 

-%o^y-\- 9a^/-10a^/ 

+ Soc^y^- 7a^y^-\-5xy^ 
+ Sa^y^- 6a^3^8 + 3a^ 

- la;*y» + 2ay-y* 

- la^/ + 2ay-y« 



Exercise 6. 

2a;» + 2a2^) - 8ic* - 8a;*j^ + 6a^^ + 6a^8( - 4a^ + 3y 
-8a?*-8rr»y 

+ Gaj^y* -4- 6ay 
13 *^ 
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Exercise 7. 



3a-6)12a* -192(4a8 + 8a* + 16a + 82. 

12a*-24a3 



+ 24a» 

+ 24a«-48a* 



+ 48a* 

+ 48a2 - 96a 



+ 96a -192 
+ 96a -192. 



Exercise 8. 



4z*-9)642« - 729(16^ + 36^* + 81. 

64*«-144^ 



+ 144?* 

+ 1442* - 324e* 



+ 324^« - 729 
+ 324^-729. 



Exercise 9. 

2tf'-3a*6 + 4a^«-56») (5a2-3a^-*2^ 

lOo* - 21a*6 + 27a^h^ - 34a«^ + 1 lab^ + 5^*. 
I0a« - 1 6a^b + 20a^^ - 26a^^ 

- 6a*64- 9a862_i2a*68 + 15a5* 

- 2a362-f- 3a2^3- 4aA* + 55* 

- 2a«^2+ 3a25«- 4a5* + 5«»\ 



Exercise 13. 



a2_2a^ + 6V-3a'6 + 2a6«-2^»(a-5- /'^'j'^t , 
V_2a«ft + la^ a«-2a^ + 52 



-la2^ + la^-2*« 
-Ia2ft + 2a^-l5» 

- a^*-15«. 
U 
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Exercise 15. 

8a» - 36a>^ + 54a^* - 27^8) (ia^ - 12a^ + 9b 

32a« - 240a** + 720a^b^ - 1100a^h» + 800a** - 240** 
32a« - 144a** + 21 6a»*2 - lOSa^*^ 

- 96a** + 504a8*a - ^^2a^^ + 800a** 

- 96a** + 432a8*2 - 648a2*» + 324a** 

+ 72a8*2- 344a2*« + 476a** _ 240^^ 
+ 72a8*2- 324a2*8 + 486a** - 243** 

Remainder, - 20a^*8- 10a** + 3**. 

Note 4. — Exercise 10. 

1 -a)l +a(H- 2a + 2a2 + 2a8 + &c. 
1-a 



+ 2a 

+ 2a - 2a2 



+ 2a2 

+ 2a^ - 2a3 

+ 2a8. 



Exercise 12. 

1 + ic)l (1 - a; + ic* - &c. 

1 -\-x 

— x 

— x — a^ 



-\'^, 



Exercise 15. 

* 

1 - 2a + a*)l (1 + 2a + 3a2 + 4a8 + &c. 

1 _ 2a + 1«^ 

+ 2a - la* 

+ 2a-4a* + 2a» 

+ 3a2 - 2a8 

+ 3a2 - 6a8 + 3a* 

+ 4a8 - 3a*. 
15 
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Exercise 7. 



3a~6)12a* -192(4a8 + 8a* + 16a-l-82. 

12a*-24a3 



+ 24a» 

+ 24a»-48a« 



+ 48a* 

+ 48a2 - 96a 



+ 96a -192 
+ 96a -192. 



Eocercise 8. 



4^2-9)64^® - 729(16^ + 36^* + 81. 

64c«-144e* 



+ 144?* 

+ 144?* - 324^ 



+ 324^« - 729 
+324^-729. 



Exercise 9. 
2tf'-3a*ft + 4aft2-5«»») ' {ba'^^ah-VK 

I0a« - 15a*ft + 200^52 - 25a268 

- 6a*64- 7a»6*- 9a2ft8 + lla^* 

- 6a*6+ 9a8ft2_i2a2^8 + 15a5* 

- 2a362+ 3a2^3- 4aA*-f-55* 



Exercise 13. 



^2 « 2a5 + * V - 3a25 + 2a62 _ 2i8(a - 6 - -^t^^!^:^, 
a3„2a2ft+la6« a*-2a^H-&2 



-la2^ + la^a-2*» 
-la2ft + 2a^-15» 

- a^3-15«. 
U 
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Exercise 16, 

8«« - S6a^ + Hab^ - 27^8) (4^^ -12ab-\- 9b^ 

32a* -240a** + 720a^b^ - 1100a«^ + 800a** - 240** 
32a* - 144a** + 21 6a8*2 _ lOSa^*^ 

- 96a** + 504a8*2 - 992a8** + 800a** 

- 96a** + 432a«*2- 648a2*» + 324a** 

+ 72a8*2- 344a2*8 + 476a*4 - 240** 
+ 72a8*2- 324a2*8 + 486a** - 243** 

Remainder, - 20a^*8- 10a** + 3** . 

Note 4. — Eocemee 10. 

1 - a)l + a(l + 2a + 2a2 + 2a8 + &c. 
• 1— a 



+ 2a 

+ 2a - 2a2 




+ 2a2 

+ 2a2 - 2a3 




+ 2a8. 




Exercise 12. 




l+a;)l (l-a; + ic2_ 

1 -JfX 


-&c. 


— x — a^ 




-\'^. 





Exercise 16. 

1 - 2a + a*)l (1 + 2a + 3a2 + 4a8 + &c. 

1 - 2a + la* 

+ 2a - la* 

+ 2a - 4a* + 2a8 

+ 3a2 - 2a^ 

+ 3a* - 6a8 + 3a* 

+ 4a3 - 3a*. 
15 
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CHAPTER VIL 

COMMON MEASURES. 

Definitkms, — Exercise 1. 
Ans. 1, 2, 3, 4, 6, and 12. 

Exereide 2. 
Ans. 1, 2, 8, 5, 6, 10, 15, and 80. 

Exercise 3. 
Ans. 1, 2, 3y and 6. 

Eocercise 4. 
Ans. I4 2, 4, a, b, 2a, 2&, 4a, 4&, ab, 2ab, and 4a&. 

Exercise 5. 

Ans. 1, 2, 3, 6, a, c, 2a, 2«, 8a, 8c, 6a, 6^ oc, 2acj Sae^ 
and 6atf. 

JSb^erci^ 6. 
Ans. 1, 2, a, and 2a. 

Problem. 

Demonstration of the Rule. 

Let A be the product of all the factors common to both 
quantities, and let B and C be the products of the remain- 
ing &ctor8 in each quantity. Then the two quantities 
are AJ^ and A.C. Now A evidently measures both, 
and no quantity greater than A can measure both ; for, if 
any number measure A.B^ it must either be one of the 
£Eu;tors of A or of B^ or the product of two or more of 
tbem, and, m like manner, any number that measures 4 •C' 

16 
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must either be one of the factors of A or of C, or the pro* 
duct of two or more of them. Every common measure, 
therefore, must be made up of factors common to both A.B 
and A.C> But there are none such except A or its factors. 
Therefore A is the greatest common measure of A.B and 
A.C. 

We here assume that a number is the product of all its 
prime factors, or, in other words, that if all the prime 
numbers which severally measure another number be mul- 
tiplied together, they will just make that number; and, 
consequently, that a number cannot be the product of two 
different sets of prime factors. This is seldom proved in 
elementary treatises, being regarded as almost selfevi* 
dent, or much ofbener overlooked altogether. The de- 
monstration may be too abstruse for beginners, but it 
is necessary to give it here to complete the theory of com- 
mon measures. The Teacher may either introduce it to 
his pupils or not, according to his own discretion, but 
probably it will be better at this stage, merely to state 
the fact, leaving its demonstration to a more advanced 
stage. 

If possible let am be = 5n, a, 6, m, and n being prime 
numbers, or factors prime to each other. Then the g. 
c. m. of a and n will be 1 ; but, if we at- 
tempt to find it by the common arithmetical n) a(q 
process, which will be demonstrated under nq . 
Case 2, we divide a by w, the quotient being — 
^, and the remainder r, continuing the r, &c. 

operation till there is no remainder. " ■ 

The quotient q is always a whole number, because, as 
usual in dividing, the nearest whole number is taken for 
the quotient, and, since q and n are both integers, nq must 
be an integer ; and a and nq being integers, their differ- 
ence r must also be an integer. Every quotient, then, 
throughout the process, is an integer, and therefore every 
remainder and every divisor will also be integers. Con- 
sequently the last remainder cannot be less than ^ 1 ; 
and it cannot be greater, for then a and n would have 
a common measure greater than unity, which is incon- 
sistent with the hypothesis of their being prime to each 
other. 

Now if the first dividend and divisor were both doubled, 
the quotient, ^, would remain the same, but the product 
nq and the remainder r, would be doubled; and, con- 
sequently, throughout the operation^ e\«t^ ^vr«i«t^ ^^^.- 

17 



18 ALQSBBA. 

dend, and remainder would be doubled, but the quotients 
would remain all unchanged and all integers. 

A corresponding result would follow if the first divisor 
and dividend were both trebled, or both multiplied bj any 
number, whole or fractional. 

If, then, the first divisor and dividend were each ibul-^ 

tiplied by the fraction ~ , the dividend becoming ?a and 

n n 

the divisor m, the process would stand thus, — 

When we should come to the last remain* vin^ 

der, which, as the process stood at first, ^^^^ 

was 1, it would now be -. Now, since ma ^ 

n -— 

==n5, -a==&; and, consequently, is an in- -r, &c» 

n n 

teger. But, since m and q are both integers, == 

mqis.soi integer. Therefore the remainder 

-r is also an integer. 
n 

In the same way we prove that every remainder is an 

integer till we come to the last, viz. - : but if -> is an 

n n 

integer, n measures m, and m and n cannot be prime num- 
bers or factors prime to each other. 

Hence we prove that can cannot be = bnp^ a, m, 5, n, and 
p, being prime fiictors, by taking hn as one &Gtor and^ as 
the other ; for it has just been shown that if b and n are 
prime to a and m, bn will also be prime to each of them : 
and in the same manner we demonstrate that the same 
property holds good whatever be the number of fistctors^ 

Case 1. 

No additional demonstration is required in this case. 
We have already proved that the greatest common mea- 
sure of the two quantities is the product of all the fectois 
common to both ; the common letters are seen by inspeo- 
tion, and the truth of the arithmetical process for finding 
the greatest common measure of the co-efficients will be 
proved under Case 2. 

Exercisea. 

Answers. (1), ac ; (2), a^a ; (3), Samn ; (4), lial^Vd, 

IB 
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CaS£ 2. 

The demonstration of the particular rule in this case 
requires to be given at some length. We commence with 
two almost self-evident theorems. 

Thborem L If a quantity measure two others^ it will mea- 
sure their sum and also their difference. Thus, if 5 is con- 
tained in 30 six times, and in 20 four times, it is contained 
in 50 (6+4) times =10 times, because 6x(6 + 4) = (5 
X 6) + (5 X 4) ; and since 6 and 4 are both whole numbers, 
6 + 4, or 10, must also be a whole number : therefore 5, 
being contained in 50 an integral number of times, mea- 
sures 50. In like manner 5 measures 30 — 20, or 10, being 
contained in it (6 — 4) times. 

Th£OBEM n. If a number measure another^ it wiU mear 
sure any multiple of it. This arises obviously from the pre- 
ceding theorem, since multiplication is equivalent to suc- 
oessiye additions of the same quantity. 

To aj^ly these theorems to the demonstration of the rule 
for Case 2, we may take an arithmetical example, the 
reasoning employed upon which, it will be observed, will 
hold good in every similar case, and will be equally appli- 
cable to quantities algebraically expressed, because there 
is nothing in the nature of the proof peculiar to the par- 
tiicalar numbers employed for illustration. 

Let it be required to find the greatest common measure 
of Il4 and 38, which may properly be taken as instances 
of compound quantities, since 33 = 30 + 3 = (3 x 10) + 3, 
and 114 = 100 + 10 + 4 = (1 X 10^) + (1 x 10) + 4. Pro- 
ceeding by the rule, the work will 
stand as in the margin, 3 being 33)114(3 
. found for the g. c. m.* 99 

We have, then, two points to — 

mi^e good:— :/&*a^ that 3 must mea- 15)33(2 

stipe both 33 and 114, and second, 80 

that no number greater than 8 can — 

]^(>ssibly do so. 8)15(5 

To establish the first point, we 15 

commence at the end of the opera- = 

tion and trace the steps backward. Since there is no re- 
mainder at the close of the process, 3 is contained just 5 

* Tat brevity we shall expreii^ by these letteti) lYve greoikil cxnivrMyti^MixinKT «.• 

19 



20 ALGEBRA. 

times in 15 : therefore 3 measures 15 ; and, if it measure 
15 it will measure twice 15, or 80 (Theorem 11). It also 
measures itself; and if it measure 80 and 8, it must (by 
Th. I) measure 80 + 8, or 88. If it measure 88 it will 
measure 8 times 88, or 99. Measuring 99 and 15 it must 
measure 99 + 15, or 114. It therefore measures both 83 
and 114, and must do so. 

But, secondly^ can no number greater than 8 measure 8S 
and 114? If it can, it must measure 8 times Z^ or 99 
(Th. I), and next 114-99, or 15 (Th. H) : if it measure 
15 it will measure 80 ; and if it measure both 88 and 80 
it will measure 88 — 80, or 8 : but no number greater than 
8 can measure 8. Therefore no number greater than Z 
can measure both 88 and 114. 

Consequently 8 is the g. c. m. of 88 and 114. 

Exercise 1. 



+ (^b -b^ 

Exercise 2. 

a« - 2«« + W - 10)8a« - 6a* + 16a» - 80o + 5(8a. 

3a« - 6«* + 15a» - 80a 

a8 +5 

a3 4- by - 2a» + Sa^ - 10(a2 - 2. 
a« -^ba^ 

-2a3 -10 

- 2a3 - 10. 



Exercise 8. 






a-2 _ 2>f* - 8i»2 + 2(^2 _ I 
4?* -2^ 



-1^ + 2 
-la?2 + 2. 



20 
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Note !• The reason of the permission given in Note 1 
is, that if + a be a measure of any quantity, bj then — a 
must, also measure b; for if & — (+«) —^^y ^en b'i'{'-a 

NoTB 2. The direction given in Note 2 rests on the 
principle that, if oho and ode be two quantities having a for 
their g. c. m., and consequently the two quantities be and 
de incommensurable (that is, without any common factor), 
then the g. c. m. will not be changed if we remove, from 
either quantity, any of the factors which have no common 
measure. Thus a, being the g. c. m. of abe and ade^ is also 
the g. c. m. of ab and ade^ or of ahc and ad^ since the g. c. 
m. of two quantities is the product of all the factors com- 
mon to both. In like manner the g. c. m. of two quantities 
will not be altered if we introduce a new factor into 
either, provided that factor has no c. m. with any of the 
£Etctors of the other quantity. Thus the g. c. m. of abe 
and adef wiU also be a, if / contain no factor found in b 
or c. 

Now since, in this Case, our given quantities consist of 
compound &ctors only, no simple &ctor can measure either 
of them. We may therefore, without altering the g. c. m., 
multiply either of them by any simple factor, or divide any 
remainder, in which a simple &Gtor makes its appearance, 
by that factor, or multiply any dividend by any simple 
fiictor which is not also a factor of the correspondmg 
divisor, or commensurable with any simple factor contained 
in it. 



Exercise 4. 



6a* + 7aa?-3a?2 



2ar)4flw? + Q^ 



2a + Zx )6a' + 7flw? - Zxi^(^a - x 
6a2 + 9aa? 



2<M?-3ar» 
2ax - 3ar». 
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Exercise 5. 



a»» - 4a?8 - 2a? 4- l)12a?» + 4a?«-3a?-l 

2 



24a?8 4- 
24a:8_ 


12a?2- 


-6^-2(3 
-6a? + 3 


5) + 


20a?2 




-5 




4i?« 


■ 


-1. 



4a?2 — 1 will be found to divide Sa^ — 4aj* — 2a? + 1 with- 
out ieaving a remainder, and is therefore the g. c. m. 

Exercise 6. 

;r2 + 3a: - 4)a?* - 3a?* - 10a;(a? 
ie^ + 3a?* — 4:a? 

-6a?)-6aj2- 6a? 

X + l)a?2 4- 3a? - 4(a; + 2 

ar^ -\- X 

2a?-4: 

2a? + 2 

-6)- 6 



Exercise 7. 

-a?2H-4a2)4a?»-8aa?2- la*a?+ 2a8( - 4a? + 8a. 
4a?» -16a*a? 

'-Saa^+16a^x+ 2aU 
- Sax^ + 32a« 

15a2)15a*a?-30a^ 

a?— 2a) — a?* 4- 4a*( — a? — 2a. 

— a;*-h2aa? 

— 2aa? 4- 4a* 
-2aa?4-4a*. 



The answer is either a? — 2a or 2a— a?, by Note 1. Or 
we might have begun, if we had chosen, by changing the 
signs of the first divisor. 

22 
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Exercise 8. 



-4a*aj+llaV-llaV4- 5ar* 
-4a*a?+ 4aV+ 4aV- 4eMr* 

4- 7a8«»- 7a V- 7eMr*4-7a?* 

-8a?8)- 8aV+16eMr*-.8a?* 

4- a* — 2aa? + ic* 

a2 - 2aa; 4- a;^)a8 - a^«- oa;* 4- a;^(a + a? 
a«-2a2«4- oaj^ 

4- a'x - 2aa:" 4- a?* 
4- aH — 2aa^ 4- aj* 



Case 3. 



The directicHi given for this case follows from what has 
before been proved, — that the g. c. m. of two quantities is 
the product of all the factors common to both. 



Exercise 1. 

The g. c. m. of 8 and 12 is 4 ; and the g. c. m. of the 
two compound faclbrs is a 4- 6 : .*. the g. c. m. of the two 
given quantities is 4(a 4- h). 



Exercise 2. 

35a:* - 35y* = 35(«* -y% 
and, 63ir* - 63/ = 63(«8 -f). 

Now the g. c. m. of 35 and 63 is 7, and the g. c. m. of 
a:*— y* and 5*—/ is x^—y^. .', the g. c. m. of the two 
given quantities is 7(x^-y^) or Ix^-^ly^. 

23 
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CHAPTER VIII. 

COMMON MULTIPLES. 

Problem J. 

Demonstration of the Rxde. 

By the definition of a common nmltiple, we perceive that 
any number is a multiple of two others which contains all 
the factors of each, ^us cibc is a common multiple of a^ 
and ac. But so idso is a^bcj or abed. The least common 
multiple, then, of the two, will evidently be that which 
contains the factors common to both only once, along with 
the other factors of both. But the &ctors common to both 
are their g. c. measure. These, therefore, are omitted 
from the one quantity by dividing it by the g. c. measure, 
but are retained in the other, and, consequently, appear 
only once in the product. 

Thus, if the quantities are Ibahx and 20acyj the g. c. 
measure, or the factors common to both, being '5a, if we 
omit these from the one number, Ibabx^ we have 3^ 
which, multiplied into the other number, gives bbx x 4 
X baci^j or 60a5ea;^, a quantity which contains all the he- 
tor9 of each of the given quantities, and those only once. 

Exercise 5. 
Gr. c. m. = 2a;— y. 

Exercise 6. 
G. c. m.=x2 + l. 

Problem II. 

Demonstration of the Eule. 

When we divide one of the two quantities by the g. c. 

measure of the two, according to Rule 1, we prevent those 

factors contained in the g. c. measure from appearing twice 

in the common multiple : and when we again divide the 

Mtter and anoth^ of the quantitieB by their g. c. measure 

24 
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we also prevent any other common &ctOT8 from appearing 
twice ; and so on ; so that the ultimate product is iSie least 
conmion multiple. 

The same object is secured by Rule 2 in a different 
manner. 

Exerciaea 1, 2j 8, 4, and 5 should be done by Rule 2. 

J^ercise 6. 

The g. c. m. of a^ — ^ and a? + 2a?y + y* is « + y. 

Then r«^ -y*) ^ (a; + y) = « -y. 

(»« + 2«y +5^) X (a;-y)=aj» 4- aj"y-ay» -J^. 

- The g# c. m. of this and rc^ •-- 2a^ + ^ is a; ---y. 

(a:*-2ay-|-y«)-j.(»-y)=a:-.y. 

ExerdBe 7. 

The two first quantities are omitted because each of 
tiiem measures fl^— 4. We then find that oi^'^- 4 and 4:^ — 4 
have no common measure. Consequently their least com- 
mon multiple is their product. 



CHAPTER IX. 

FRACTIONS. 

NoTB. There are two ways in which a fraction may be 
defined. These are sometimes both employed by the same 
writer, and confounded with each other as if they were 
identical^ whereas they are essentially distinct Thus 2 
thirds may either ]^ defined to be 2 divided by 8, or 2 of 
the 8 equal parts into which a unit is divided. These two 
definitions are, no doubt, consistent; but they must be 
proved to.be so and not assumed. Li the following de- 
monstrations the latter is taken as the true definition. 



PboblehL 

DemomtraUan of the Rule. 

If ,1^ unit is divided into n equal parts, then 1 unit oon- 
ta^ks n such parts, and m units coutaia ma «i^<cXk ^ksbMu 

2S *o 
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n n 

the numerator of the required fraction will be-mn. 



That is, 1 = -, andfTi:^— • Ifthereforem and n are given, 



PboblemIL 

DemonairaHon of the Rule. 

Since m=: — , m+-c:= h-c:= — ±£^ for mn parts 

n n n n n *^ 

added to p parts must make mn +p parts of the same kind, 

the denominator n merely indicating what kind of parts 

they areo 

In like manner m— -Cls •(:= ^. 

n n n n 

JExerdse 6. 

Subtract + 52^+12/ 

12a?«-30ay. 

JEb;«m5e 7. 

(8ii-8)x(m-l)=8mn-8m-8n + 3 
Subtract 8mn — 6m 

-|-8m-8n-|.8. 

Exerciee-Bn • 

(«-.3f) X (fl^:+«jr +/)=«» -y' 
Subtract 9:*+/ 

i '• ■ 1 « • • ■ . • • 



-2/. 



jSetFeueS. 



(a* + «rf) x^o? -««•) = a' - Oil* 

Add +<»*-«' 
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PBOBLEUin. 

D0momtr(jUion of ihe Bi^ 

The fraction ~, as has been said before, means that a 
n 

unit is divided into n equal parts, and that m such parts 

constitute the fraction. This definition is alike applicable 

whether m be less than n, greater than n, or equal to it. 

We have now to prove that the fraction ^^m-r-n. The 

quotient m-^n means the nth part of m : but evidently we 
shall have the nth part of m if we have the ^th part of all 
the separate units into which m is divided. But, by our 
definition of a fraction, the nth part of one of those units is 

i,andininunitswehavewsuchparts,or!?. .-. ??=m-n. 
n n n 

Consequently, when m is greater than n, if we actually 

divide m by n, we shall have the same quantity that the 

fraction expresses, only in a difierent form, viz. in that 

form required by the problem. 

Or, since the object of this problem is the reverse of that 

of the two preceding problems, that object will be iittained 

by reversing their process : in the two previous problems 

we multiply by the given denominator ; in this we divide 

by it 

Problem IV. 
Demonstration of the EvU. 

The truth of this rule depends upon that of the Note 
which immediately precedes it, — ^that a fraction is not in- 
creased if both terms are multiplied^by the same quantity, 
nor diminished if both are divided by the same quantity, 
or, more correctly, that a fraction is changed in form but 
not in value when both terms are multiplied or both divid- 
ed by the same quantity ; and that is easily demonstrated 
thus:— - 

When the denominator is doubled, it implied that the 
unit is divided into twice as many parts, and, consequently, 
that each part is only half the size of one of the otv^tnaI 
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parts. It therefore requires twice as many such parts to. 
make up the same quantity, and twice 83 many such parts 
are obtained by doubling the numerator. In general, if 

we have the fraction ^ and multiply both terms by m, 

making ~-^, we have m times the previous number of parts, 

and each part m times smaller, or rather the mth part oi 
one of the original parts. Consequently the fraction is 

equivalent to the original fraction, or — r—T* Now, if 

the former of these fractions is obtained from the latter by 
multiplying both terms by m, the latter may be obtained 
from the former by dividing both terms by m. Therefore 
both the statement? of the Note are established. 

Such demonstrations, however, should be elucidated to 
learners by actually taking some object and dividing it. 



Pboblem V. 
Demonstration of the Utile, 

A fraction is in its lowest terms when its terms have no 
common measure greater than 1. K, then, the terms of 
a fraction are both divided by their g. c. m., that is, by all 
the factors common to both, there remains no other iactor 
common to both, by which they can afterwards be divided ; 
or, in other words, the fraction has been reduced to its 
lowest terms. 



Exercises. 

1.) G. c. m. =tf. (2.) brn^n. (8.) 137a»iV. 

4.) a-x. (5.)w4-l. (6.) «*-«*. 

(7.) a - 5. (8.) 38(a + ^). (9.) 6(a - b). 



Problem VI. 



I 



The Rule needs no demonstration frirther than that al- 
ready given under Problem iv, and none of the Exercises 
require detailed solutions. 
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pbobleh vn. 

Demonstration of the RuU. 

It scarcely requires proof that f-|-|=:|) for the deno- 
minator 7 merely indicates what kind of parts they are, 
while the numerator counts their number. Since, then, 
3 pounds and 2 pounds together make 5 pounds, or 3 feet 
and 2 feet make 5 feet, in like manner 3 sevenths and 2 
sevenths will make 5 sevenths. The same explanation 
will apply to all other fractions having their denominators 
the same ; and, if they have not, they can first be changed 
into equivalent fractions having the same denominator, by 
Problem vi, and then their numerators may be added 
together. 

Exercise 10. 

(m 4- n = = 

m^n mr—n^ 

m^n, . m' — 2m» + n* 
(TO— n= s — • 

Exercise 11. 

i_/^L-j d=__^±f!_ 



V" 






Note 1. The reason that we regard the sign as attached 
to the numerator, is, that it reaUy belongs to it and not to 
the denominator. When we say << — 5 pounds" the sign 
^ belbngs to the 5 and not to the word <' pounds" express- 
ing the' denomination : so, when we say '< — 5 sevenths" or 
** — ^* the sign ^ belongs to the 5 and not to the 7, which 
merely expresses what kind of parts they are. When the 
numeratcnr is a compound quantity preceded by a negative 
sign, the negative sign then applies to the whole numerator, 
exactly as if it were enclosed in a vinculum. Upon re- 
moving the vinculum, therefore, and t»kixi% MScl<^ XeraiL^ 
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separately, we mast change all the signs by Rule 4 of 
Chapter iv. 

Exercise 14. 

a^ + 2ax-\-x^ . , . + a* + 8a*a; + Soic' + «* 
V* + * = « i • 

■ {fl — X A ' • 



Exercise 15. 
(a-» = --3- 



a' 4- 2<M? + a^ «• + «*«—««*—«•' 

2^ (g 1 rr~ 2gj; + 2g* 

a'— a?* a* + a'a?— oo^— «•* 

Pboblem VULL. 

The principle is the same as in Addition. 

Exercise 11. 

2a . 2a'-2aa? 

(a — aj = 



a*4-2aa? + a5* a^+ a*a? — oaj* — a* 

2a? / . 2ax4-2a^ 



Pboblem IX. 
Demonstration of the Eule. 

When we say £7, and when we say £}, or 7 pounds 
and f of a pound, we, in both instances, express the num- 
ber of pounds ; but, when that number is firactionaly we 
vary the mode of expression. Thus 7 pounds and y- oisk 
pound are identical, the 7 and the y alike expressing the 
number of pounds. So 7 fives, and f of 5, alike express a 
certain number of fives. But 7 fives is the same as 7 times 
5, or 5 X 7 : so f of 5 is the same as 5 x f . One idea is 
attached to both expressions, although the form of expres- 
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sion is different.''^ In like manner f of ^ is the same as 

When, therefore, we are called upon to multiply a frac- 
tion by a fraction, the clearest idea of what is intended is 
obtained by changing the form of expression. When it is 
said " multiply f by f " it is meant " take f of ^" Hav- 
ing then ascertained the true meaning of ^' multiplying a 
fraction by a fr'action," we may next investigate how the 
object intended is to be attained. It is evident that we 
shall readily obtain two thirds of ^ if we can obtain one 
third of it ; and it is equally evident that we may easily 
obtain one third of^t;e sevenths if we can find one third of 
one seventh. 

In order to have 1 seventh we divide the unit into seven 
equal parts, and take one ^^ i l I i i l i l 
them ; and 1 third of that one ' ' ' ' ' ^ 
will be obtained by dividing it into three equal parts. But 
if we divide each of the sevenths into three parts, we have 
7 threes, or 21 parts altogether, and one of these is the 
21st part of the unit. Therefore ^ of | = ^. But ^ of ^ 
is obtained by taking ^ of -f five times, that is five times 
^ or ^. Again, if one third of f =^ two thirds must 
be twice as much. But twice 5 makes 10 : therefore twice 
A =£: i^. Consequently f of ^ = ^. 

Now the 10 was obtained by multiply 5 by 2 ; and the 
21, by multiplying 3 by 7. Hence the rule. 

The process of cancelling the common factors, as directed 
in Note 1, is merely anticipating the reduction of the frac- 
tion to its lowest terms. It avoids the unnecessary labour 
of first multiplying and then dividing. 



Pboblem X. 



Demonstration of the Eule. 



A c na 
Since - x - = -^ by the preceding Problem, and since 
a od 

Division is just the reverse of multiplication, it follows that 

^-r > = T* But this is just what we should have obtained 
bd d 



« Wood'i Algebra (3QV 
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bj moltipljing ^ bj — Now let oc be ezpresaed by toe 

oa c 

single letter m, and hd by n. it follows that ? -s-^=? x -. 
^ "^ n <? n c 

Exercise 7. 
a^ + oft a^-2aft + **^«+^y a-6 



the common Actors a and (a— 6) being cancelled. 

Exercise 8. 
aj + y ^ 2x+33^ ^a;+y^ 1 



4a; + 6y 2a:-3y 2 2a?-3y 
the conmion fSsu^tor (2x + 3^) being cancelled. 

Exercise 9. , 

/'a,-yU?=^zyx?=^Zyxl, or „ 
\ a/ a ax \ t 

(_y\j-^ — / ^aj\ _^/y_^a;\ _ /a? a\ /y a\ 
a) ' a \ a) \a' a) \1 x) \a x/ 



CHAPTER X. 
INVOLUTION. 

Demonstration of the Bide. 

Since {ab^^ah,ah,dh=aaabhh^c?Ifl^ and since the same 
reasoning may be applied to any power or to any number 
of &ctors, it follows that — ^to raise a number composed of 
several factors to any power, we raise each fSsu^tor separately 
to that power. 

Now, if one of the fSsu^rs is a particular number, as 5, 
the same principle holds good : that is — ^we raise the given 
number separately to the required power, and the literal 
factors separately to the same power. Hence the rule for 
the co-efficient. 

Next let any of the factors of the ^ven quantity be itself 
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a power, as a^, and let it be required to raise that to some 
given power, say the third. Since a'=aa, (a^y=i(aay 
= aaxaaxaa^ aacuiaa = a^. But 6, the exponent of the 
power found, is the same as the number of times that a is 
expressed in aaaaaoy which, again, was derived from the 
three fSsu^tors, each containing a twice, making 3 times 2, 
or, in other words, the exponent of the given literal £Etctor 
multiplied by the exponent of the proposed power. 

The rule for the sign is evident ; for, if the given quantity 
have the sign + , it will continue to have + through any 
number of multiplications into itself. But if the given 
quantity have the sign — , it becomes + for the second 
power (since — into — gives +), then — for the third 
power (since + into — gives —), and so on. 



Pboblem n. 
The rule requires no dem(mstr<stion. 

Exercise 4. 

2d power, 25ic» - lOx + 1. 

3d , 126a:3-76a:« + 15aj-l. 

Exercise 5. 

2d power, 4»i* — 12mn + 9n'. 

8d , 8?»«-36m2n + 54wn2-27n». 

4th , 16w*-96w3» + 216wW-216»in3-f 8ln*. 

Exercise 6. 

2d power, a? — 2xy + y^. 

3d ,«'~3ic2y + 3iry2-y*. 

4th ,ar* — 4a;^ + 6ic2y*-4a^4-y*. 

5th , re* - hx^y + lOa^y^ + 10a;y + 5a?y* -y*. 

6th ,x»-6a^y+15a^*-20aY+15a^y*-6a/+/. 

Exercise 8. 
2d power, 16a* + 40a3 + 25a^ 

Exercise 10. 

2d power, ^a -|a; + 1. 
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PboblbkIIL t ' ^r jo a 



• •-• , ♦■V*' ^ i 



The rule is the immediate result of that for the multi- 
plication of fractions. 



CHAPTER XL 

EVOHjnON. 

Pboblem L 

Evolution being the reverse of Involution, the rule for 
the former follows directly from that for the latter, in the 
case of simple quantities. 

Problem IL 

Demonstration of the BuU. 

If the quantity, whose root is to be extracted, is a com- 
plete square, we shall have its root by observing the wtiy 
in which the square is made up. If it consist of only three 
terms it must be the square of a binomial ; for the square 
of every quantity containing more than two terms, con- 
tains, itself, more than three. Let us, then, first of all, 
observe what parts the square of a binomial consists of. 

(a±*)2 = aa±2a6 + ^. 

That is, the first and last terms of the square are the 
squares of the two terms of the root, and the second term 
of the square is twice the product of the two terms of the 
root (including their respective signs). This will be the 
case whether the terms (a and h) are single letters or num- 
bers or made up each of several factors. Thus (4i; :i= ZyY 
= {^xf ± 2.4x.% + (3^)^, since, in this case, we have 4a; 
substituted for a and 3^ for h. 

If, then, we have a regular square of three terms, let us, 
in order to find the root, arrange the terms in their proper 
order, which is evidently according to the powers of the 
letters. Then the square root of the first term, from what 
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has been said, will be the first term of the root Now the 
second term of the square being twice the product of the 
firal and second terms of the root, it follows that; if we 
dxnde> the second term of the square by twice the firat term 
of the. root just found, we have the second teana of the Toot 
Thus, kt it be required to find the square root of IGtf* 
•*24fl^ + V* We begin with the first term lea^j the 
square root of which is 4a;^ by Pr. I, and duU we ti^ as 
the first term of the root. i 

Bejecting, ihen, this term 16d^ — 24a^ + 9^(40«- 8y 

from the power, by sub- 16a^ 

tracting it, and retaining g^.3 ^^34 ^9^ 
(or bnngmg down) the -24wX9v» 

other terms, we know that ^ ^ 

the next term, — 24a^, 

must be made up of twice the product of ix and the second 
term, or of the product of 8a; and that term. Consequently 
the second term = ( — 24a:;y) -s- ( + Sx) = — 8y. We prove 
this by multiplying 8ajby — 8y, and sJso multiply — 3y by 
— 8y, since the third term should be the square of — 8y. 
If these two products, then, agree with the two remaining 
terms of the square, leaving no remainder when subtracted, 
the work is finished and the given quantity is proved to be 
a complete square. 

Next, if the given square consists of more than three 
terms, the root, consequently, consisting of more than two, 
we continue the operation in the same way, taking the first 
two terms of the root as one quantity, and using that to 
find the third, precisely as we used the first to find the 
second. Thus, in the Example in the Algebra, having 
found the two first terms, o^— 2a&, in the manner pre- 
viously described, we take the whole compound quantity 
(a* — 2ab)j and regarding it now as one term, we obtain 
another term, + ^, in the same manner in which we ob- 
tained the second term. As a first step to this the square 
of (o^ — 2ab) has already been subtracted from the given 
power in two parts, first o^, and then — ^o^d + lo'^', 
after which we have merely to divide the remainder by 
8(a^ - 2ab% or (20* - 4ad), to find the third term, + V. 

If the given power consists of more than five terms, we 
may proceed in the same manner to find the other term or 
terms of the root. 

If the given quantity is not aji exact square, we may, 
by the same xnetiiiod, take the nearest root we can obtain, 
annexing + oir — to it according as a ]^i&^^ est ^ibs»^- 
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tiTC quantity remaiiiB when the aqnaie of die loot farad 
has been subtracted. Qr^ if desirdiley tbe iM oc j e w maj be 
continued till the root acquire the farm of a regular aeries: 
but that is seldom, if erer, of anj nae imlBM tbaiirBt ton 
of the root is greater than the second and aabaeqiient tenna^ 
so that the series may conoerge ; that ia — that tbe tnms 
may become continually less and leas iSBf hj going on, m 
have it in our power to arriye at a term leaa than anj 
assigpable quantity, or such thai all the aalnaqaeBt tans 
put together shall be less than any ansignabla quantity. 



ExerdaeS. 

-2a;«y»+y* 



Exerdae^. 
a« - 4a» - 2a* + 12a» + 9fl?(a? - 2rf - 8a. 

2a»-2fl?)-4a*-2a* 

2a» - 4a*-.8a)-6a* + 12a« + 9a* 

- 6a* + 120* + 9a*. 



4a* - 12ajy + 9^ + 1 6a» - 24yz + 1 6^2^-- 8# ^ *«• 

4a^ 

4aj - 8y) - 12a|y + 9y» 

•-12ay + 9y» f.;. 

4a.«6y + 4p) +16as^-24yi:+162» 

-f 16rMr-24y£: + lftr*. ' ■ 

S6 
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ExtTCIM 6* 



25as 
10a + 6) + 10a6-2ac + ^ 

10a + 2A-i«) -2ac « -|^4.^ 

-2ac ♦ -|^ + A<^. 



Exercise 7. 

(8ic* — 2ic^ + a? — 4 
9a^ - 12a?» + 10»* - 28a^ + 17«" -8aj + 16 
9^ 

e«»-2a?)-12a?» + 10«* 

-12a?»+ 4a^ 

ea^-4a? -jTa^ + 6«*-28a? + 17aj« 

+ 6a?*- 4x»+ la?" 

ea:8_4a^4.2aj-4) -24a^ + 16aj"-8aj + 16 

-24aJ»4-16«»-8ic+16- 



CHAPTEE XII, 



PROPORTION, 



Nois. In tibie demonstrations of this Chapter we are 
obliged to anticipate the subject of Equations ; and, in 
ftoty the latter subject ought, to a certain extent, to be 
ttoght first, although it is placed after Proportion in the 
Course. The reason that it is so placed, is, that a know- 
ledge of Proportion is necessary for many of the exercises in 
Equations and of the questions which lollow. The pupils 
shoidd go over Equations first, as £Eur as Exercise 85, page 
49, then return to Proportion, and after finishing that sub- 
ject resome Eqoatioiis. 
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Demmstra^ i^ Theorem L 

li a I b IX e I d^ then, by Def. 1, |i:|. Mtdtiplying 
both sides of the equation by hd^ we have ad= Ac 

Demonstration of Theorem 11. 

li a \ h 11 h I Cj then, t — -> ^^'^ •*• ac=^. 

c, 

Demonstration of Theorem IIL 
1£ad=hc, then, dividing both sides of the equation by 
bd, we haye-=^ or ;v=7» and, consequently, by Def. 1, 

a : b :: c : dj or c : d :: a I h. 
If we divide both sides of the first equation by oe, we 

have - = -, or > =~, and d : c i : b : Kl or b : a : : d : e, 
€ a a c 

Demmstraikn of Theorem /F. 
If a : ^ : : c : c^ then, by Th. i, bc=ad. Dividing 
both sides by oc, we have - = -. Consequently biaiidic. 

Demonstration of Theorem F. 

lia I b i\ c I d^ then, by Th. i, ad=^bc. Dividing 

both sides by cdj we have - = -- .\a i c ii b i d, 

c d 

Demonstration of Theorem VL 

lia I b II c I dy then ad==bc Multiplying both sides 
of, the equations by Vh ^Q hav<9 qdm^bcm. That is, 
a^xmd=^bxmcj or maxdsin&^C) giving^ by Thjeorem 
ui, the two propositions, u,: b : : me. imdi a^ W^ '• ^ 
:: c ^: d. • . 

We may also express our equation thus, max il=incx 6, 
or a.xni/fl=cxmbi .giving two propojirtions: thiwb -V^ • ^ 
:: wc : df and a I mf> 11 e : fndf,, , 

Again, returning to our original equation, ads^be^ and 
maltipljripg both sides by mn, we h|k||e:«K&n^^^Wii3i thait 
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10, ma X nd = mb X nCi or maxnd^nbxmc. .\ma : rnb 
:: nc : ndf or ma : tUf : t nu: : nd. 

I£ we had used - and - throughout the preceding 

m n 

steps, instead of m and n^ we should have found, in like 

manner, that a : & : : ~ : -, that - : ^ : : c : (2, that 

mm m 71% 

- : h IX - i dj that a : - : : c : -, that - : - : : - 
m m m m m m n 

: ?, and that «: * :: £ ; ?. 
n m ft m n 



Demonstration of Theorem VIL 

It a : b :i e : dj then, bj Th. i, ad^hc. Raising 
both members of the equation to any power, say the nth 
power, we have a*d*=I;r(f. Hence, by Th. in, a* : i" 

If^ instead of raising both members of the equation to 
the nth power, we had extracted the nth root, we should 
hsLYehadl^al^d—^bli/CjSJid^a : ^b :: ^c : ^d. 

Exercise 2, 
Ans. 3a : 55 :: 20* : 6d^ 



Problem I. 

Demcnstradon of the Eule. 

H a I b II e : d, then ad^bc. Consequently, accord- 
ing as we divide both sides by d^ «, 5, or a, we have a 

bcj^ad^ad^^^bc 
=-=-, 0=—, c=-— , or a=— . 

deb a 

Eooeroise 3. 

Putting ji for the piece of ground, then, in one day, 

The gardener digs ^pzn^p 

The apprentice digs iV i' = i^ P^ &nd 

Both together dig ^W i> = tt i>- 

Then ^p :/>::! day : 4^=5-^^ da.'j^* 
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EsDereiae4i. 



Patting q for the whole quantity of water wfakh-ihe 
cistern hdds, we find, from the data, that in one honr, 

Ist pipe discharges ^^=sVW' 

^^ • ^=^WW- 

Sd T^rf=iflfeg> 

All together •••^Vto- 

Th®*! -fM 2 2' : : 1 hour : ^ = 6|f liounk 

Eocerdseb. 

Put e for the cheese : then, in one day, 

Both together eat -^ = lA^ 
The wi»^ alcme eats ^ = tI^- . 

•*. the husband eats ^V^« 

Hence ^^ : e ; : 1 day : ^^22^ days. 

FbobusuII. 
DemonOratum of the Bute. 
J£a : h :: h : Cj then, by Th. n, ae^V. .*. bsn/ae. 



CHAPTER XIII. 
EQUATIONS. 

DEFDnnoiis. 

Note to Def. 3. No single simple equation containing 
only one unknown quantity can be inq[K)8si1de. In that 
case the unknown quantity can always have a value given 
to it that will satisfy the conditions of the equaticm, that 
value being either positive, negative, or = 0. 

Any number of simple equations too are always posnble 
(that is, not inconsdstent with each other) so long as there 
are not more equations than unknbwn quantiti^. or rathers 
so long 08 no number of the given equatinMis can be taken 

40 



EQUATIONS. 41 

in which there are fewer unknown quantities than equa* 
laons. Thufly the following equations are inconsistent al- 
ihoc^ there are not altogether more equations than un- 
known quantities : for, if we select the three first equations, 
tke^ contain only two unknown quantities. 

8«+2y=12 
4a;+8y=17 

Demonstration of the Itulee, 

The first four rules are self-evident The mark = , in- 
dicating equality, appears to have been originally the em- 
blem of a balance, b&g still found, in that capacity, among 
the marks used for the signs of die zodiac ; and nothing 
affords a better illustration, than a balance, of these four 
rules. 

Rule 5 is derived firom rule 8 ; for, when two equals are 
raised both to the same power, they are, at each successive 
step» multiplied by equals: consequently the successive 
products are equal, including the final product. 

Rule 6 follows from rule 5. There is a qualification, 
however, to this rule, since two quantities, in themselves 
equal but with different signs, have their even powers the 
same, in both cases with positive signs ; and, consequently, 
every positive quantity has two roots when the index of 
the root is even.* In such cases, then, it is only the posi- 
tive root that is equal to the positive, and the negative to 
the negative. 

Rule 7 is self-evident. 

Rule 8 is derived from Rules 1 and 2 ; for, if a— 5=:c, 
add 6 to each side, and a=c+5; or, if a+^—o, take b 
from each side, and a=c— 5. 

Rule 9 is self-evident ; for, if a = d, & == a, whether a and 
h be positive or negative, and whether simple or compound 
quantities* 

Rule 10 may also be regarded as self-evident ; for, if 
+ a^ +i, —a^ —b. But it may be deduced firom Rules 
8 and 9, if we choose : for we may transpose each term, 
changing the sign, by Rule 8, and then re-transpose all 

* Ib Um Btomentarj Coqtm no notioe is taken of impouible qnantitiei, which 
•hoAld be rMtrred fat a more adranced stage. If these were taken into aceoonty 
we alioiild find that everj qnantltj baa aamaay roots aa thA iMm\Mt^Vs&KSBk*akNici» 
index of the root 
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the t^ms without changing the signs, by Rule 9. Thus, 
if a— 6=0?— y, then -ic4-y=— d+ft hj Rule 8, and 
^a+b= — i»+y, by Rule 9. 



CHAPTER XIV. 

SIMPLE EQUATIONS. 

Problem L 

Exercise 18. 
Multiplying by the L c. mult, of 6 and 10, viz. 30, 

25a; -21a; -1920 = 0. 
4a? =^1920. 

Exercise 19' 
Multiply by 1. c. m. = 12. 

2»-8a?-108=4a?-6a^ 

Exercise 20. 
Multiply by 1. c. m. =336. 

320a? - 25200 = 140a; + lOSa?. 
75a; =25200. 

Exercise 21. 
Multiply by 1. c. m. = 15. 

3y+6 = lQy-30-90. 
126 = 7y. 

j^a;m?»e22. 

Multiply by L c. m. = 12. 

9a?-99-144 = 126-6a;-16x-90. 
31a; i: 279. 

Exercise 23. 
Multiply by 6y. 

180 = 240 -5y. 
5y=60. 
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Exercise 24. 
Multiply by 6«. 

4a»-210 = 84+42. 
48-8: = 336. 

Exerciee 25. 
Multiply by 4—^. 

y-28+7y=^6-24y. 
82^=124. 

Exercise 26. 

Multiply by 4. 

10x-8a;-5 = 44. 
7a; =49. 

Exercise 27. 
Multiply by 21. 

105aj + 49a; + 14 - 15a; + 18 = 588. 
139a; =556. 

Exercise 28. 
Multiply by 36. 

27a; -54 -86a; +96 = 884 -216 -16a;. 
27x-36a;+16a; = 54-96 + 884 -216. 
7a; =126, 

Exercise 29. 
Squaring both sides, 

7a; = 1225. 

Exercise 30. 

5v'a; = 15. 
Va;=3, 

Exercise 31. 

Squaring both sides, 

y- 85 = 226. 
43 
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Exercise Z2, 
Calling both aides, 

4e:+3 = 27. 

Exercise 33. 
Squaring both sides, 

19a?+18 = 69-4a;. 

Eooerdsed^ 
Squaring both sides, 

4 = Vy. 

Exercise d6. 

Reduce the fraction to its lowest terms, or divide its 
numerator by its denominator, and we have 

2(v'5«-8)-2 = V5-8:-3. 
/. V5«-3 = 2^ 
andV52r=:5. 

Eooerdse 36. 

Making the product of the extremes equal to that of the 
means, we have 

20a;=9a?+180. 

Exercise B7. 
10+a?=8a;~18. 

Exercise BS» 
17-4x=I^±l^-10x. 

o 
51+ 18a; =75 + 10a?. 
8»=24, 
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PboblehII. 

The rule requires no demonstration, being merely an 
application of principles previously established. 

In the following solutions of Exercises the operation 
will, in general, be given onlj by one of the three methods, 
the easiest being selected ; but it will be proper that the 
Teacher should see the pupils perform a few of them by all 
the methods. 

NoiBr When a value is found for one of the two un- 
known quantities, firom the two given equations combined, 
we have ascertained that, whatever may be the value of 
the other unknown quantity, the value, which we have 
found for the first, must satii^ both equations. When we 
come to substitute that value for the first in one of the two 
given equations, we obtain a value for the other tmknown 
quantity, which, we know, mttf^ satisfy that one of the 
given equations firom which it has been obtained. But it 
does not mdenth/ follow that it will satisfy the other. It 
will do so, however, in all cases in which the given equa- 
tions are possible, or the conditions not inconsistent. For 
it can ea^y be proved, in the case of simple equations, 
that no other value than that found for the first unknown 
quanti^ can satisfy both equations, and that onhf the value 
found for the other unknown quantity can satisfy the equa- 
tion employed to determine it. Gonsequentiy, if that value 
do not satisfy the other given equation, there is no value 
that will do so. In equations of higher orders, when more 
values than one are found for the unknown quantities, 
from one equation, all these values may not hold good 
when tried with the other equation. See the Note to Ex. 
5 of Pr. m of Chap, xvi, in this volume. 

Exercise 1. 

First adding the two given equations together, then sub- 
tracting the second from the first, we have 

2a; =82, and 
2y = 18. 

Note. The method of resolving this exercise should be 
particularly observed. It will often be re<\uix^d «i^r«^x^%. 
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Exereke 2. 
Subtract Eq. 2 from Eq. 1. 

7y=42, andy=6. 

Inserting that value for y in Eq, 2, we obtain 
6ir- 18=80, and .-. fia? = 48, 

Exercise $• 

Multiply Eq. 1 bj 4, and subtract Eq. 2 from the pro- 
duct 

Exerdae 4. 
Multiply Eq. 1 by 6, and Eq. 2 by 7. Then subtract. 

Exercise 5. 
Multiply Eq. 1 by 3, and Eq. 2 by 2. 

Exercise 6* 
Subtract Eq. I from Eq. 2. 

Exercise 7. 

Multiply Eq. 2 by 3, and from the product subtraci 
Eq. 1. 

Exercise 8. 
Multiply Eq. 1 by 3, and Eq. 2 by 2, and add. 

Exercise 9. 

Multiply Eq. 2 by y. Then 

x=^. 

Insert this value, for a;, in Eq. 1. 

|y+y=20. 

Exercise 10. 

Divide Eq. 1 by Eq. 2, and we have 

a5-fy=21. 
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Proceed with Eq. 2, and that just found, as in Exercise 1 . 

Exereke 11. 

Clear both equations of fractions bj multiplying each 
by 6. 

45y+ 80^ =8,960, (8). 

5Qy+ 88^ =2,888, (4). 

Subtract Eq. 4 from Eq. 8. 

-6y+ 47^ =1,672, (5). 

Multiply Eq. 5 by 10. 

-6Qy+470«= 16,720. 

To this add Eq. 4. 

608i:= 18,108, and «=86. 

Insert this value, for ;^, in Eq. 6. 

Exercke 12. 

Multiply Eq. 1 by 6 and Eq. 2 by 2, and simplify the 
results. 

+4fl;+8ir=48, (8). 

-8«+6y=22, (4), 

Multiply Eq. 8 by 8 and Eq. 4 by 4. 

+ 1205+ 9y=144. 
-12«+2(^= 88. 

Add these two equations together. 

29^=282, and ^=8. 

Insert this value of y in Eq. 8. 

4^+24 = 48. 

Exercise 18. 

Multiply Eq. 1 by 20, and Eq. 2 by 6, and simplify the 
results. 

ea;+65« = 128, (8). 

84a;+ 16^=132, (iy 
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Multaplying Eq. 8 by 8, and Eq. 4 by 1I» and subtract- 
ing, we find 

856a; s= 1068. 

Exerme 14. 
From the proportion given we obtain 

20y-21aj = 0. 

Multiplying £q. 1 by 5, 

2Qy-16a?=60 
.•.6a; =60. 

Bxerdse 15. 
I^m the two ^ven proportions we have 

a!;+y = 8a; — 8y, and 
9a; + 12 = 8Qy - 20. 

Simplifying and arranging, 

2a; =4^9 or fl!;=:2y, 

and 9d^-80^= -82. 

That is, 18y-3Qy= -82; 

or 12ysfc82. 

Exercise 16. 
Multiply Eq. 1 by 6, and there results 

1 605 + 8 9 - 8y + 8a; + 8 = 64 + 14a; - 6y, 
or4a;-2y=12, (8). 

From the given proportion we have 

' Z^±i?= ac+?yd?,or 

2 2 

7a;+49 = 16a; 4-85^-8. 
Thatis, 9a;4-8y=2=67, •..(4). 

Multiply Eq. 8 by 8, and Eq. 4 by 2, and add. 

80a; =160. 



Problem IIL 

No dmonstration is required. 

4B 



SIMPLE EQUATIONS. 49 

Exercise 1. 

Subtract Eq. 2 from Eq. 1. 

2^=2. 

Subtract Eq. 3 from Eq. 1. 

2y=18. 

Add Eq. 2 to Eq. 3. 

2ar=24. 

Exercise 2. 

Multiply Eq. 2 by 3. 

9«-6yH-3r=60. 

Add this to Eq. 1. 

11^-43^ = 78, (4). 

Add Eq. 2 to Eq. 3. 

7^-63^ = 22, ...(5). 

Multiply Eq. 4 by 3, and Eq. 5 by 2, and subtract. 

19:»=190, or a? =10. 

Insert 10 for x in Eq. 4, and so on. 

Exercise 3. 

Multiply Eq. 3 by 2. 

a? + *^-i^=^-2, (4). 

Subtract Eq. 4 from Eq. 1, and Eq. 1 from Eq. 2. 

-% + %=10, (5). 

+ 3y-f 2^=76, (6). 

Multiply Eq. 5 by 4, and Eq. 6 by 3. 

-%+6^: = 40. 

+ 95^ + 6-^=228. 

Hence 15f5^ = 188, or jf = 12. 

Insert 12 for ^ in Eq. 6. 

2^=40, 
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Exercise 4. 
Subtract Eq. 1 from Eq. 3. 

Proceed with this and Eq. 2 as in Exercise 1 of Pr. n. 

Exercise 5. 

Multiply the first Eq. by 3 and the third by z, 

«-y + 3-2^=66, (4). 

a;-y-3-e = 0, (6). 

Subtract, and we have 

6-? = 66, or ^ = 11. 

Double Eq. 2. 

2«-f5<-f x: = 32. 

In this and Eq. 5, insert 11 for z, 

2d?+y=21. 

Add these two equations. 

3a? =54. 



CHAPTER XV. 
QUESTIONS PRODUCING SIMPLE EQUATIONS. 

Exercise 2. 

2 3 

Exercise 3. 
^4- 15 = 2a?- 10. 

Exercise 4. 

Put X for the number who voted for Jones : then 0?+ 75 
will be the number who voted for Smith. 

x = Ka;+75). 
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Exercise 6. 

Let X represent what he gave to the woman ; 2^, what 

he gave to her husband ; ---, to the oldest child. 

8 

o 

Exercise 7, 

Let the time taken in walking from A to C he a hours. 
That from A to B will be x-fj; that from ^ to C, a? — ^. 

Hence we find a; = 2^, a? -f- J = 2i^, a? — |^ = li. Multiply- 
ing these times by 8, we have the distances, 6^, 7i^, and 4. 

Exercise 8. 
Put X = rate per hour. 

Then 12a; = 10 x (4? + 8). 

Exercise 9. 
Let X be the sum each began with. 

a;H-2i = 3(aj-li). 

Exercise 10. 
9+ay4-| = 59. 

Exercise IL 

Let 500 4- ^j and 500 — a; be the two parts. 

9 X (5004-0?) = 18(500 -a;) + 970. 

or, 9 X 500 + 9a;=18 x 500 -18a; + 970. 

.•.22a; = 4x 500 + 970. 

Exercise 12. 

Let 0? be the one part : then 100 —a? will be the other. 

a? 100-^^0^ 
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Exercise 13. 

Our three given equations are, a;4-y=ll> *+x: = 12, 
andy4-<2r = 13. 

Add these three equations together and halve the sum. 

From this subtract the three equations separately. 

Exercise 14. 
a;x24 = (a;+7)x20. 

Eocercise 15. 

Let the second ride x hours before he overtakes the first, 
which he will do at the distance of 7x miles from the point 
of departure. But by that time the first has walked (x + 2) 
hours, and consequently 3(a; + 2), or (3a; + 6) miles. 

.\dx + e = 7x. 

Exercise 16. 

Let X be the time of delay. Then, if the rider overtake 
the walker at the 14th milestone, he must have ridden 2 
hours, and the other must have walked (a;+ 2) hours. 

.•.(a;4-2)x3 = 14. 

Exercise 17. 

If 4a; represent the smaller number, 5a; will represent 
the greater, for 4a; : 5a; : : 4 : 5. We have, therefore, 

5a;+ll=2x(4:»-5). 

Exercise 18. 

Let X be the man's age at the time supposed. His wife's 
age then will be a; — 20. Therefore, 

a;-20 = fa;. 

Exercise 19. 

oj-f 6 : 5^ + 6 :: 4 : 5. 
a;--4 : y--4 : : 2 : 3. 
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Exercise 20. 

Let X denote the number of women ; then the number 
of children will be expressed by 200 — x, 

.-. x X 20+(200-a?) x 2J= 1165. 

Exercise 21. 

Let 2x be the number of cattle : then Ix will be the 
number of sheep. 

2a;xl68 + 7a;x25-15i = 6116i. 
.•.511a; =6132. 

Exercise 22. 
Let x be the price of the bracelets in guineas. Then the 
brooch cost 7-f ^* 

«=7 + 7+|. 

Exercise 23. 

Let 2x express the price of the black tea, per pound, in 
shillings : then Zx will express that of the green, and we 
shall have 

2dJ + 3iP = 2 X (6i) = 12^. 

Exercise 24. 
a?-|-y=133, and 5=18. 

Exercise 25. 

Dinding tiie second equation by the first, we have 

« 4-^=19. 

Take first the sum and then the difference of this and 
equation 1. 

Exercise 26. 
a?4-y=100, and«»-y* = 200, 
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Divide the second equation by the first, and then pro- 
ceed as in Exercise 25. 



Exercise 27- 

^+?L+f = 46, (1). 

3^+^=30, (2). 

^-h£+I?=29, (3). 

Multiplying Eq. 2 by 3, and Eq. 3 by 4, we have 

a?+3y+ x:= 90, (4), 

anday-h y+4?=116, (5). 

Subtract Eq. 1 from Eq. 4, and then from Eq. 5. 
1+1^44, (6). 

f+y=70, (7). 

Multiply Eq. 6 by 2, and Eq. 7 by 10. 

5y+ ^= 88, (8), 

53^+35-^=700, (9). 

Subtracting Eq. 8 from Eq. 9, we have 

34? = 612, and .•. z = 18. 

Substitute 18 for z in Eq. 8. That gives y = 14 ; and 
substituting 14 and 18 for y and z in Eq. 4 or 5, we have 
:» = 30. 

Exercise 2S. 

Gall the number in the second class 4 x 7a; = iSx^ in 
order that we may complete both proportions without 
frtu^tional numbers. This we do by Ih:. i of Ch. xn. 

Then, number in 1st class = 3x7^ = 21^?, 
and number in 2d class == 4 x 8a; = 32^. 

28ii?+21a?+32a?=81. 
Hence a? = X, 21« = 21, &c. 
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Exercise 29. 

Let Zx and hx stand for the respective numbers in the 
two boats at first. Then 

3a;-h6 = 5a?-6. 



Exercise 30, 

Let X denote the number of shillings spent by George. 
Then John has spent 2a; +5. 

George still possesses 105—^, and 

John. 105 -2a?- 5 = 100 -2ar. 

.'.100-2a?=^^l"^-5. 



Exercise 31. 

Let Wy X, yy and z be the respective sums left to Edward, 
Bichard, Alfred, and Harry, and v the price of the house. 
Then we have 

2m; = v, a; = 2v, 2y-\-z^ v, and z-^- - = v, 

3 

Hence w? = -, x=2v, z=v — — =-,andy=v— - = -—. 
2 3 3^ 3 3 

But u;-fa;+^-fx:=v, or 



Exercise 32. 

Let X represent the son's age seven years ago. Then 
4bX would be the father's at that time. The father's age 
now will be 4^+7. Seven years hence the father's age 
will be 4« + 14, and the son's, ^+14. 

.-. 4tx + 14 = 2(a; + 14) = 2« + 28. 

Hence 2^= 14, and ^ = 7. 

.•.4a? + 7 = 35. 

Exercise 33. 

Let X stand for the number of {^ranges, 
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Then — will be the cost price of the whole, and - 4- - 
3 2 

will be the sum they were sold for, in pence. 

X X . Ax y» 

Exercise 34. 

Let X represent the boy's share, and consequently 2x the 
first man's. One third of the whole sum will be 27s. 6d., 
and consequently 30s. will be the second man's share. 

'^^^ « + 2a? -f 80 = 82 J. 

Exercise 35. 
Let X be the sum the first draws at three sales, or the 
second at two. Then - will be the price of one of the ar- 

X ^ 

tides sold by the first, and -, of one of those sold by the 
second. ^ 

Let 3^ denote the number of sales made by the second 

before they have drawn equal sums. The number made 

1[)y the first in the same time will be 4y ; and the number 

from the beginning 4^+36. o 

The sum drawn by the second will be 3^ x - = -^ x a?, 

2 2 

and that drawn by the first will be(4y+36)x?=^?t!:5^xa;. 

3 3 

3 . 4v-f 36 

2 3 

•'2^ 3~' 

and 9y=8y-f 72, 
.•.y=72, and 3^ = 216. 



CHAPTER XVL 

QUADRATIC EQUATIONS. 

Problem I. 

The rule requires no demonstratioii. 
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Exercise 8. 
Multiplying by 3, we find 

.-. 7a;2 = 28. 
Hence ic^ = 4, and a? = d= 2. 

Exercise 4. 
Squaring both sides, 

.•.«2-l=a;«-2+A. 

or 

Hence 1 == -^, and x^ = 1. 



Problem n. 

In the rule, no principle is employed different from those 
already demonstrated. 

Exerme 1. 
Adding the square of 5 to each side, 

a^ + 10a?+25 = 100. 
Extracting the square root of each member, 

a? + 6= d=10. 

Exercise 3. 
Dividing by 6, we obtain 

a?«-4a? + 3 = 0. 

Adding 1 to both sides, 

aJ»_.4a; + 4 =1. 

Extracting the square root. 

dJ-2=d=l. 

Exercise 8. 

;ga-40;y=104; + 400. 

;y2_50;9=:400. 

^__50;2r + 625 = 1025. 

z-26= d=V1025, 
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Exercise 11. 



«'-!« + *=¥• 

^ = *±* = f or -f 

Exercise 12. 
5a?2-6a? = 8. 

Exercise 13. 
5^2-4^=156. 

y'-fe'=3i-2. 

3^2 _|y 4. (.4)2^31.2 4. 0-16 = 31-36. 
y-0-4= d=5-6. 

Exercise 14. 
Subtract 4 from both members. 

;2r2_8;?* + 16=-4. 

Exercise 15. 

Multiply by 3. 

a?2-^=216. 

^-|^ + (A)' = 216t^. 
^_^-±14^. 

Exercise 16. 

Multiply by a?. 

125 - 3i» - 4aj2 = 2«. 
4a?2 + 5a?=125. 



• There is an error in tU© qaefttLoncti -V^ toT — ftr. 
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Exercise 17. 



Multiply by a^. 

20aJ-10rr-8-2a?2 = 0. 



Exercise 18. 
Multiplying by 5^+3. 

Exercise 19. 
Cubing both sides, ^ — 6;2r= — 8, 

Exercise 20. 

Squaring both sides, we have 

(a? + 4)x(a;-3) = (2a:-6y. 

That is, ar» 4.3.-12 = ^a^-2ix + 36. 

3a;^-25iP= -48. 

Exercise 21. 

Transposing a; we have 

Vic=15— a?. 

Squaring both sides, 

a; = 225 - 30a; + a?2. 

/.iT^- 31a; =-225= -»i^ 

a;a-31a; + (V)' = V- 

. 31=fcV61 

a? = r . 



Note. Another method is pointed out. m^oXfc ^. 
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«* + 2a^ 4- 1 = 10201. 
i»* + l = 101. 

Exercise 2d« 
a^-85a^=-216=-8|*. 

Extracting the square root, 

:^=.?5^9 = 27or8. 
.•.«=3or2. 

Exercise 24, 

y-Vy+i=20i=V- 

5^=(+5)«or(-4)». 

NoTB. Although ^==(4-5)^ or (—4)', yet we cannot 
say that 5^== 25 or 16 ; for it is = 25, only if we take tbe 
positive root of 25 for V^, and it is = 16, only if we take 
the negative root of 1 6 for V^. The resull is one of a very 
peculiar kind. 



Pboblem in. 

Exercise !• 
Multiply the first equation by 2 and the second by 3. 

6a;2>9y2 = 18. 
Hence, l?^^^ = 68, y^ zi 4, and y = ± 2. 

Insert 4 for y^ in Eq. 2, and we have 

2xa-12 = 6. 
^0 
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Eocercuse2. 
From the two proportions we obtain 

and a?y = 96. 

From the first of these two equations we find y^^fa;; 
and that value, substituted for y in the second, gives 

|a^ = 96, orir2 = 144. 

Note, When we find an answer in the form a;= db a, 
and ^= =b 6, it may either be meant that x and ymtj have 
either of these two values assi^ed to them respectively, 
without regard to each other ; or it may be meant that 
the two values must be taken with corresponding signs,— in 
other words, that if the value o£x is taken with the upper 
sign, that of y must be so also, and if the lower sign be used 
for the one, it must be used likewise for the other. The 
answer to Exercise 1 is given in the former sense, and that 
to Exercise 2 id the latter* If it be asked how the dis- 
tinction arises, let it be observed that in Ex. 2 we found a 
certain relation to exist between x and y, viz. y =f^, which 
could not be if x and y had contrary si^s. In Ex. 1, on 
the other hand, no relation exists except between the 
squares of the two unknown quantities, and that relation is 
not afiected by the sign given to either quantity, since the 
value of x^ or y^ is positive whatever be the sign of the 
value of xovy. A new notation is wanted to show the 
distinction o^ the two significations in the case of a double 
answer. 

Exercise 8. 

Dividing the first equation by the second, we have 
z^ = f , and .•. z = ^, 

Exercm 4. 
From Eq. 1 we obtain a; = 3y + 9. 

Substitute 3y + 9 for x in Eq. 2, giving 

y8- 4^4- 6^ + 18 = 26, 

andy^-l- 2y4-l = 9. 
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NoTB. . The values found for x and y aire nc^ to be 
taken indiscriminatelj. When a; is 15, ^ must be 2, and 
when ar is --4, y must be —1. This follows fix>m the 
relation established between the two in £q. 1. 

Exercise 5. 

From Eq. 2, we have 

6ic=8y-12,..;... (8), 

and x=-^^ — , (4). 

Multiplying these two equations together, 

5 
Substitating this value for 5a:* in Eq. 1, 

5 ^^' 

Divide by 24 and multiply by 6. 

y2_8^^6 = 15. 

From this we find y=9 or — 1, and these two values 
substituted successively for y in £q* 4, give a;=pl2t ^ 
x= —4. 

Note. J£ we had substituted 9 and — 1 successively 
for y in Eq. 1 instead of Eq. 4, we should have foend 
x=. :£: 12, and a; = d= 4. But the values — 12 and + 4, 
although answering satisfactorOy for x in Eq. 1, yet fail 
when applied to Eq. 2. The reason is, that we have 
merely found, Jiret^ Uiat 9 and — 1 may either of them be 
substituted for y in either Eq. 1 or Eq. 2 ; and, eecondhj^ 
that if y be 9, the value + 12 or — 12 for « will satisfy Eq. 
1 ; or if y be — 1, then the value +4 or —4 will also'satisfy 
Eq. 1. But we have had no reason to suppose, from any 
thing that has been done, that aU of these values will answer 
for X in Eq. 2 ; and, in fact, they do not. AU that we know, 
from the last-mentioned mode of operation, is, that if there 
is any value of x that will satisfy both equations (in other 
words, if the data are possible), then that value must be 
either + 12, — 12, +4, —4. When these four values are 
tried, then, two of them are fo\md to answer forSq. 3| and 
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{iAnttb they all answer for £q. 1), Uiese two must be the 
true values of a;, answering aU die assigned conditions. 

Exercise 6. 
Square Eq. 1. 

a:* + 2ay+y* = 1156- 

From this subtract four times Eq. 2. 

a:*-2xy + ^ = 64. 

Extract the square root 

a:-y=±8 (3> 

Proceed with Equations 1 and 3, as in Exercise I of Pr. 
II of Simple Equations. 

Note. The student should be directed to pay particular 
attention to this solution, and to keep the method in 
memory, as the same or a similar me^od may often be 
employed to great advantage. 

Eocercise 7. 

Take succesrively the sum and difEerence of Eq. 1 and 
twice Eq. 2, and we have 

«« + 2«jr+5^ = 64, 
and (x^ — 2x^ -i-^f* = 1. 

Extract the square roots. 

«+y= ds8, and«— yss ±1. 

With these proceed as in the preceding Exercise. 

Exercise 8. 

Double Eq. 1 and square Eq. 2. 

2xK + 2/^17. 

«*-2a3f4- y^^ 1. 

Subtracting, we obtain 

and .•. « 4- y = =b 4. 
Proceed as in the two preceding Exfim«n&- 
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Double Eq. 1 and square Eq. 2. 

2a? +2y=62-5. 

a: + 2V«Vy-f y= 56-25. 

SubtractiDg, we Have 

a;-2V'a?Vy + ^-6^5- 

Extracting the square root, 

Take the sum and difierence of this and Eq* 2^ 

2Va?-10 or 5, and 2 Vy- 5 or 10. 
4a? = 100 or 26, and 4^:^25, or 100, 

Maercise 10. 

From the given {Mroporti<Hi and equation we obtaiB 

3a? + 3-e = lla?-llxr, (8), 

and^z — do; — 5^+15 = 45, (4). 

From Eq. 3, z=p, (5). 

From Eq. 4, a3B:-3ar--6-e;=80,..........f (6X 

% 

Substituting 1^ for z in Eq. 6, 

Hence 4a;* -41a; =210. 

From this we obtain s = 14 os ^3|, and substituting 
these values for z in Eq. 3, we find z. 

Exercise 11. 
Cube Equation 2. 

x^ + Zx^y + 3a^ H-5r»= 125. 

Subtract Eq. 1, and divide the remainder by 3. 
^y + ^9 or (« H-y) X a;y = 30- 

F(»r ;e 4-y substitute its equal 5. 

5ay=30. 
••.4a^==24. ,.;,- 
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Subtract this from the square of Eq. 1. 

Esceroise \2n 

Subtract £q. 1 frx)m Eq. 2. 

5f + 2z=U, <»'y=-2;2; + 14, (3). 

Subtract Eq* 2. frx)m twicci Eq. 1* .^ 

x-z^ -2, or a;^4f--2,. (4). 

From Eq. 8, y«=,4-?«^5a? + 196. 

From Eq. 4, a^ =^-4f + 4. . 
... a:« 4.^2 4. ^ ^ 6«« - 60;?.+ 200 = 50. 
Hence, -?*-10£: + 25 = 0, 
and ^— 5 = 0, or -2r=i 5. 



CHAPTER Xvrl 

QUESTIONS PRODXJCINGP QUADRATIC 

EQUATIONS. 

Sscerciael* 
Let the parts be x and 10 —a?. Then 

2a:>-2ac + 100 = 54 
.•.a^-10i=2:-22|, 

and««-10aj + 25^2f 

Or thus: — 

Let the parts be 5 + ^ and 5 -*y. Then 

50 + 2y» = 54i. 
2y= ■ 

y =1}. 
.-. 5 +y = 6J, and 5 -^>^= 3^. 

Note. The latter prt)Cess iis the preferable one. 

^5 
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r^.j'y 



JSocercm2, 

Lei tbe parts be ezpresaed by 50 4- « and 50*-^^ ' 

2500-ic» = 2211. 
a;* =5. 289. 

JSxerciae 3. - 
Let 4ar and 7x represent tbe two namber?. Then 

Exerd^ei 5. 

Let the parts bear and 21— «• Then 

ic* : 441-42a; + «* :: 9 : 16, 

/.!««« = 3969 -878a; + 9i* 

7ar«^ + S78a?=3969. 

Exerci^ 6. 

Let the ptfrts be 50 -f a; luid 50 -a;. 

2500 -«*= 200a?. 
,'.a:«-l- 200a; =2500. 

Or tet the ports be y and 100 -y. 

lOQy -y« = 10,000 - 200y. 
y»-300y:i: -10,000. 

Exercise 7. 

* ■ ■ • ' . - , 

Let a; be the rate in miles per hour. Then 175 ^ar 
is the number of hours taken to the joumej. The sup« 
posed rate would have been, ir 4-5, and the Ume taken, 
175 -5- (a? 4-5) hours. 

175. 175 ^jj^ 



» 



X a; 4- 5 



Multiplying by a; x (a; 4- 5), we have 

175a; 4- 875 « 175a; 4- 1®* 4- 8Ja?. 

...|^^8fa; = 875. 

Hence 7a;* 4- 35a; =3500^ 

and a;* 4- 5a; =500. 
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Let arhe the gveater, and y the smallerj < 

Then, (aJ-y) x ic=5» 104> and (*-y) x y = 88. 
Or, a^^xy^ 104, and ay -^ iS: 88. 

Subtract the second equation from the first 

By this divide each of the two ^^ven equations. 

Exerci»t^\ 
Let X be the number; and cbnsequently a;-f 12, the 
number of dozenSf n^aking thie whole cost :^ x 28 s -^ 

shillings. If 6 guineais, or 126 shiUings, be the sum re- 
ceiyed for the whole, viz. {x -{- 12) dozens. Then, as the 
number of dozens to 1 dozm, so is the selling price of the 
whole to the selling price of 1 dozen. Tbal^ % 

As- : 1 r: 126 : 126x1?=!^, 

12 « X 



which is the sum received for I do^eot or^Ao' (dear profit 
on the whole. Consequently 

8 X 
Dividing by 7, we obtain 



• V 1 



1 1. 



aJ . 216 ,,^ 
.*. a" 4-648 = 54a?. 



JBxercise 10. 

Call the smaller number x : the greater will be » + 4. 
Then 

^•4-4«all7. 

Ort call the greater y + 2f and the smaller ^-2« Then 
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SbDetcise 11. 

Let d;+l and a;— 1 be employed to denote the two 
numbers. Then ic^ + Sa^ + 8a? + 1, and a:^ — 3a^ + 3a: — 1 
represent their cubes, the difference of which is 

6a;«-2=:152. 

Exercise 12» 

Let X be the number of contributors. Then 120 -r a; is 
the sum each would contribute, in shillings. If the other 
eight had joined, the number would hare been x + S, and 
the sum paid by each 120 'r(X'\- 8). 

aJ + 8 * X 

Multiplying by 2(x + 8)a:, and cancelling, ' 

a;« + 8a;=1920. 
Hence a; = 40.* 



CHAPTER XVIII. 
ARITHMETICAL PROGRESSIONS. 

THEOBEH. 

Demonstrathn. 

If a be put for the firsjt term and / for the last, the com- 
mon difference being d, the progression will be expressed 
thus : — 

a, adkd, a±2d, /=f2£^, l=pd, I, 

The same progression reyersed, is 
. ly l^dy l'=f2d 4,..atJk2df azkdf a* 

Adding together these two forms of the progression in 
the order oi the terms, we have the sum of every pair 
fsa-^-l;' and, if the number of terms is odd, the middle 

• In the teiLt tbtre ia an ettatom ot 4& tot 40 . 
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term may be expressed in the one line hj a± md, and in 
the other hy It md, the sum of the two being also a-^-L 

Exercise 1. 

Bj the theorem the middle term will be (7 + 19) -^ 2 
= 26 -T- 2 = 18. The term intermediate between 7 and 13 
will be (7 + 18) -r 2 = 20 -r 2 = 10; and that mtermediate 
to 18andl9wmbe(13 + 19)^2 = 82 -5-2 = 16. There- 
fore the progression stands 

7, 10, 13, 16, 19. 

Note, llie same thing might be done more brieflj by 
first finding the common ^fierencis i= (19 — 7) •«- 4. 

Exercise 2. 
Middle term^^^^-^ ^^^^-^ ^^^=201a-f5A 



Problem I. 

The Hule is derived immediately from the general form of 
a progression employed in illustrating the Definition, viz.— 

Oy a:kdy a±2dy a^Zdy .......adb(n— l)e^ 

in which we observe that the 2d term is a db Icf ; the 3d, 
a =t 2d ; the 4th, a±Zd; and consequently, in general, 
the nth, a±(n^ l)d. 

The Exercises are too simple to require a solution here. 

Pbobleh n. 

Demonstration of the Eule. 

Express the progression and reverse it, as in the pre- 
ceding demonstration of the Theorem, putting also 8 for the 
sum and n for the number of terms. Then, on adding the 
two together, we find 

25 = (a + + (a + + (« + 0to» terois 
^{aA'l)><n, 

...;=(i+2iiiL or «+ixn. 
2 2 
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The number of terms will evidentlj be 11. 

Exercke 4. 
By Problem i, the 2l8t term will be «+? x 20 = liar. 

...,:£= ?|? X 21 = 126a;. 

Exercise 5. 

By Pr. I, his last year's wage is 105 -h 15 x 39 = GDOsh. 
= £34 : 10. 

... 8 = T^^L^ = 795 X 20sh. = £795. 



CHAPTER XIX. 
GEOMETRICAL PROGRESSIONS. 

DEFINITIONS. 

Exercise 1. 

In the first, r = 3, and n= 6. 
In the second, r=:-^, and n=6. 

Exercise 2. 
Ans. 7a, 14a, 28a, 56a, 112a. 

Eocercise 3. 
Ans. 4aj, 20a^, 100a?y*, 500a?^. 

Eocercise 4. 

Since the second term is y -r 3 =y x ^, the common ratio 
is ^. Therefore the last term but one must he z-r-^^^z 

10 
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Exermt 5* 
Since the second tenn is -, and the third ^, the common 

ratio will be ?-?=?x?=4 
X y X X ar 

Thenfirstterm=?^?!=?x^=^. 

and last term=?x^:x~. 

X ar Qc^ 

Note. The statement in the Note is demonstrated 
thus : — 

Let /> be any term, the succeeding term will be pr and 
the next jpr*. Now p \ 'pv \\ pr \ />r^, for p-r-pr^pr 
-7-pr^. 

Hence anjr term of a geometrical progression is the 
square root of the product of the two adjacent terms. 

Exercise 6. 

Ans. 3, 6, 12, 24, 48, 96, 
and a, So, 9a, 27a, 81a. 



THEOREM. 

Demonstration, 

If the first term be a and the last ^ the progression maj 
be expressed thus : — 

ayar,ar^j , -=, -, /. 

r* r 

Then axl=al, arx-=:al; af^x-^=^al, and so on. 

T IT 

If there is an odd number of terms, the middle term may 
be expressed as either ar^ or-j ; and again, ar^ x —=aL 

Exercise 1. 

Last term x 13 = 104*. 
.-. last term = 104* ^ 13 = 832. 
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Exercise 2. 



. Since any part of a geometrical progression is ajso'a 
geometrical progression, it follows from the Theorem that 
the square of any intermediate term is eqnal to the product 
of any two equidistant terms ; and, consequently, that any 
intermediate term is the square root of the product of two 
terms equidistant from it on each side. Theriefore, dd term 
= V (1st X 6th) = V (7a X 567a«i*) = V 3969a«A* = GSa^^. 

In like manner, 2d term = V (Ist x 3d) = V (7a x 63a«^) 
= V441a*i« = 21a*6. 

And, 4th term =V(3dx 6th) = V(63a«^» x 567a«i*) 
:^V35721a»6« = 189a*i». 



Problem I. 

The rule follows immediately from the definition of a 
geometrical progression. For, by that definition, if the 
first term be a, the common ratio r, and the number of 
terms n^ the progression will be 

a, ar, at^j ar^^ , 01^*^^ 

in which any term is equal to the product of a into that 
power of r whose index is 1 less than the number of the 
term. 

Exercise 1. 
Tenth term = 13 x 2® = 13 x 512 == 6656. 



Seventh term 



Exercise 2. 

.27.. /a\* 3»xa ^_a«_a8 

a»x3« 3»""27' 



'?"(!) 



Problem n. 

Demonstration of the Eule. 

Expressing the progression in the general form shown 
in the Definitions, and putting s for the sum of the terms, 



8=a + ar-{'ar^ +ar*^H-ar*^,;....*./l)l 

an 



,;f*= ar + m' •Vai*^4-af**'+a^, 
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every term in Eq. 1 being multiplied bj r, but placed in 
Eq. 2 so as to be adjacent to the corresponding term in 
Eq. 1. That being done, let us subtract Eq. 1 from Eq. 
2,; and we hare 

rff— 5, or (r — l)« = ar*— a. 

.•.«=? ^= _.4.ar'^, 

r— 1 r — 1 

wkiehi expressed in words, is our rule. 

^ ■ 

Exercise 1. 
By Pr. I, tenth term =3 x 2^ = 3 x 512 = 1686. 

...s„,n:. 1^ + 1586 -8069. 

Eonei^cise 2. 

By Fr. i, eighth term =413,343 x (^)7= 189. 

418,843 --189 ^ ^^3^^^^ ^ ^ ^ 619,731. 

Sum i 619,731 + 189 = 619,920. 

Exercise 3. 

r=i, l-i=i. 
Sum =(l-0)-5^i-hO = lxf = 2. 

Exercise 4. 

r=f, l~f=i. 
Sum =(l-0)^i-h0 = lxf = 8. 



CHAPTER XX. 

UNRESOLVED EXERCISES. 

Exercises in Chapter II, Problem I. 

Answers : (1), 203a J ; (2), +239 Va? ; (3), - 2,133a^ ; 
(4),- 1670 x?; (5),+ 12c; (6), -84d«; (7), -232 

V<qy; (8), +246a^; (9), -165^*; (10), -119afc; 
(ll),-f96aVj (12), +317 V^; (13), 63a:+58^-Vl5.^xs 
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(14), 52a + 295 ; (15), + 182 V oa^ - 1238 »^h^\ 
(16), -117m«-19fw?H-116jwp. 



Exercises in CnAtrrEB H, Problem n. 

Answers: (I),l97a?+S8y; (2), -7a-216J; (3), -49 
Va? - 4 Vy ; (4), 12a2 + 8a5 - 135« + 20ac + 4^ -f- 39c« 
- 14arf+ Zihd-\' Qcd-\'M^ ; (5), 48(a2 -a^) ; (6), 668 

(6+(?)«; (7), 118^5^±^; (8), 7(aJ+crf)+55(«?+5rf). 

ay 



Exercises in Chapter III. 

Answers { (1), H-3362a?»y*j (2), +66a5c; 

(3), -66my; (4), -59^^^; (5), +52Vay+8V*^; 
(6), - 340»wj2 - 727ny ; (7), + 12a-ll&4-9c-13rf; 
(8), -212a? -2225^- 650;^; (9), 21(a4-«) + 23(a+5^). 



Exercises in Chapter IV. 
Answers: (1), a-5; (2), -55uTH-47a?— 67y+68^. 

Exercises in Chapter Y, Problem II. 

(1.) Answer, 35aV 4- 12flV-48a»a:*-92oV. 
(2.) , - 225,828a26V + 131,364a2^J». 

Exercises in Chapter Y, Problem in. 

(1.) Answer, 21a»-53a5 + 805*. 

(2.) , 1190(r»-2381crf4-1190rf^ 

(3.) , -49m3 + 126mn-81n*. 

(4.) , a*-2a2^-hft^ 

(5.) , an- 27a*. 

(6.) , 729a;«-243a?*5^2 4.27«2y*-/, 

(7.) , 4050(a;-y)2. 

(8.) , +1118(y + r)«. 

(9.) , 25(a + 6)2-49(a-i^)«. 
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Exercises in Cbapter Y, Fropu^ IY. 

(1.) Answer, - 420a868^y». 

(2.) , a^+a^'i-a^c+abe+a^d+alHil-^acd-i'bed. 

3.) , ;c*-14a;« + 71^-154«+120. 

4.) , -x*-y*-^* + 2a;V + 2«»-2'H-2y^-e«. 

(5.) , a«- 117,649. 



Exercises in Chapter YI, Problem I. 



I 



Answers: (1), -12a'^; (2), +?«y£:; (3), -24?!-^. 

7 ^ 



Exercises in Chapter YI, Problem II. 



(1.) Answer, 5a> - 12a5 - 15^. 

(2.) , -8!?a« + ?mn. 

n 4 



\ 



Exercises in Chapter YI, Problem III. 

1.) Answer, 6+2y. 

2,) , 2a-36. 

(3.) , -.4a?8-3y«. 

(4.) , a«+a6 + i«. 

(5.) , 5a"H-10a+20. 

(6.) , ;^ + 5;y« + 26^^ + 125-^+625. 

<^-) 5«-«* + 2^- 

(«•> ^«^ + «^-6^.' 

<^«-> ' ^-«^-i^^- 
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(14.) Answer, 2 4- 12a; + 86a^ + lOSa^ + &c 
(15.).. , 10 + 50i^ + 26Qy2H-]25(y» + &c. 

Exercises in Chafteb YII. 

(1.) Answer, 216a6V. 

(2.) , 5a;+4y. 

(3.) , 9o*-.2. 

^osemse 4. 

8a* - 6a *-f l*)64a« - 48o* + 12a»- 2(8a* 

64a«-48a*+ 8a* 

2)4a«-2 

2a*-l 

2a« - l)8a< - 6a2 + l(4a2 - 1 
8a*-4a* 

-2a* + l 
-2a«4-l 



.-.G. C. M. =2a*-l. 

Exercise 5. 

18a:»-53ay*-28j^8) 

36x*-48a?*y - 56^3^- 49y*(2ar 

36a?* -I06xy- 56a^ 

-48a:»y+106a;y - 49^ 

3 



-144^^+318a;^y* -1475f*(-8j^ 

-144a;»y + 424a^» + 224^^ 

53y»)+ 318x^^3 - 424a3^ - 371y* 

+ 6a?^- ary- 7/. 

6a;«-8a3^-7y*)18a;8 - 53a2^ - 28y*(3x + 4j^ 

18a;8-24a;2y-21a^» 

+ 24a;2^-32a3^-285^ 
H-24a?23^-32i^-28/ 

.-.G. CM. =6a?2-8a?j^-7^. 

* ITie tint of the two giTexi quaatiUes, in this EzeroiM> shpvld be ^a^~-M>* 
+1, inatead of i(ki«-~i2aH-2. 

7^ 
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Exercise 6« 

12(1* + 32a*ft - l2aH^ = Aa^ x (3a« + Soft - 3ft*), 
and 8a* - 72a^Iy^ = 8a' x (a« ^ 9ft8). 

Now the g. c. m. of 4a^ and 8a^ is 4a', and the g. c. m. 
of 3a2 + 8aft - 3ft' and a« - 9ft', is a + 3ft. 

.'. the g. c. m. of the two given quantities is 4a* + 12a'ft. 

Exercise 7. 

65f*-10^ + 32y = 2y X (3y»-5y' + 16), mi 
l(y- 10y«-20y' + 8Qjf = lOy X (y»-/-2y + 8). 

The g. c. m. of 2y and 10^ is 2y, and that of 3^ — 5^ 
+ 16 and y8~y'-2y + 8, is y'-3y + 4. 
.'. the g. e. m- required is 2^ — 6^ + 8^. 



Exercises in Chapter VUl, Problem I. 

Answers: (1), 288; (2), 187a; (3), 240a;'y2. 
(4), 15a«ft + 60aft'; (5), 16ft* ~81<^ 



Exercises in Chapter VllI, Problem II. 

Answers: (1), 168; (2), a^fz^; (3), 1680; 
(4), 1080a; (5), 23l0ahed; (6), 81a*-288a'ft' + 256ft*. 



Exercises in Chapter IX, Problem I. 
AB8wer»:(l),^'; (2), ^f (3).^. 



Exercises in Chapter IX, Problem II. 

Answers: (1), ISo^. (g), 61a»-112aft + 86' 

oz 8a 

._. llai' + Z2sn/+ liy . ... 162«» , 

^^^ ^ ' ^^ ~7y+"9^' 
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Exercises m Chapter IX, Problem III. 
(1.) Answer, 4y^ — 5a*. 

(3.) , 4a*-6aJ + 96^ 

(*•) -^+^^+6^- 

^^•^ ' ^-^ + 8^ + 9^-10 - 

(6.) , a-2i+Sc-i|^. 



Exercises in Chapter IX, Problem IY. 

(1.) Answer, '""'^-^^^'^ 

.„ , 14a» + 21a«i - 8«6» - 12*» 
^''•'' 2a«+3to 

_2 _^ -j2 



Exercises in Chapter IX, Problem Y. 

(1.) Answer, -— -, (G. c. m. = 37). 
zoz* 

(2.) , ^^~ r(g. c. m. =4a+66). 

(3.) , 0±|, (g. c. m. = V-5y). 



ExBKCiiffiS IN Chaftbb IX, Pboblkk YI. 

(1.) Answer, j|, _, aiid|?. 

7% 
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(2.) Answer, ^, and ^. 

^ ^^ ' 420mV 420^^? 420m«»a 

.^x 9ay 4- 1 55y 1 6aa? - 20&a? ^^ 9a» - 6^ 

' 54^y ' 54^^ ' 54a;^ 

,.v aj* + 12« + 86 ^, a;*- 12^ + 36 

(^•> ' x^-.86 - ^°^ ^-86 ' 

(6.)* > Numerators, a* + 20a8 + ISOa^ + 260a 

+ 625, a* - 625, and a* - 20a* -f- ISOa* - 250a + 625. 
Common denominator, o^ — 50a^ + 625. 



ExsBciSBS m Chaptbb IX, Fboblem VII. 

(1.) Answer, «^±^. 

z 



(3.) , 



27a' + 605«+64c» 
72abc 

^*-^ » o»-6*' 

J^o^ctatf 5. 

6a^ - 8a& = 2a X (8a - 4&), and 
15a5 - 206^ = 5ft X (Za - 4ft). 

.*. the least common denominator is 2a x 5ft x (8a — 4ft) 
QQa^ — 40aft', and the work will stand thus : — 

2a»-8ftV , ^ 10a^ft-15ft» 
6a» - 8aft^ 30a2ft-40aft« 

2a^4-8ft' .o . 4a« + 6aft» 
15aft-20ft«^ 80a2ft-40aft» 

S m - ^^' ~^ ^^^'^ + 6aft> -. 15ft^ 
30a«ft-40aft« 



• In the question, a should be tuhttLtatft^Int c. 
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a^-^Uw +49 = (a?+7)*x(a?4-7), 

a?« + 49 = («+7) x(«-7), 

a^-Uw +4:9^(x^7) x(«--7). 

/. least com. den. = (a: + 7)* x (a? — 7)* 

= iB*- 98^2 + 2401. 
The multipliers are (a?-7)S ir'-49, and (a; + 7)^ 
The numerators are, 

X* - 2Sa^ + 2d^a^ - 1372a; + 2401, 

ir* -2401, 

«* + 28a?8 + 294a^ + 1372a?+2401. 

Sum = 3a;* + 588a:2 -|-2401. 

Exercise 7. 

2o^ 4- 2ax=2a x(a + a), and 
2a* — 2ax^2a x (a — a;). 

.*. 1. c. d. =2ax(a+a;)x(a--a;)x(a2+a;^) = 2<i(a*— aj*). 
The multipliers are (a — a;) (a* + ai^), (a + ») (a* + ar^), 
and 2a(a* — s^). 
The numerators are 

a^-\-a^x+ aar*H-a?8, and 
-2a^ +2aa;2 



Sum = 4aar* 

4fla;2 2a;2 



Ans. 



2a(a^-x^) a^-x* 



Exercise 8. 
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Exercises in Chaptbb IX, Pboblem Yin. 
Answers- m * • (2\ ^^aM^TOa. .g. m^ , 



Exercises in Chapter IX, Problem IX. 

Answers: (1), ^=||01; (2), 'J^; (3), 1; 

(4), IIJ; (5), a« + i»; (6), 18a» + 156« 

(7), 35a + 18o- 64a = - 11a ; (8), 8* - 9y + 14s 

(9), 3(a«-6«); (10), 121*«-^, or 1089^1^ 

/ii\ t , (lb ae b a^cd + abd'-ad^ — bc 
(11), a' + --^-3. or 



ExEBciSES IN Chaftbb IX, Frobleu X. 

Answers- (W li^. (2) 15(a+^. (^) 2^1 
Answers . (l), -j^ , (^), gj^^_jy . ^s;, g^ g^ 



JErercwe 4 is resolved thus : — 
"'a?+2 a;— 4 aj*-2a?-8* 



Exercises in Chapter X, Problem I. 

(1.) Answer, - 16807a"5«»(r». 

(2.) , - l,O0O,OOO,000a:«V^«. 
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ExEBOiSBs IN Chafteb X9 Pboblvm n. 

(1.) Ans. 25a^- 60a5 + 365«. 

(2.) 4da!^-^112xy + 64:f + 126xZ'^lUyz + Slz^ 

(3.) a* - 3a*b^ + Sa^* - b\ 

(4.) 81c*-432c»c?+864c2d2-768cc?3 + 256d*. 

(6.) 36a?~60VicVy + 25y. 

(7.) %-2^^^-T' 

^ 16 ^9 

(8.) 8a»-6(i»6 + ^-i*^ 



Exerciae 5. 

The fifth power is an erratum, in the question} for the 
t|iird power. 

{x^y-^zf^x^-'2sBy-^y^'-2xz^-2yZ'\'Z\ ' 
{x-^y-zy^x^ - 2ta?y + Zxf-y^ - 3«^^ + 6a;y£: + dxz'^ 
-8y22f-3y^2-^. 



Exercises in Chapter X, Problem m. 

Exercise 1. 

/ 12a?~15y x^_^ 144a;a->360gy + 225y 
\ 16»;- 103^/ 256x2 -320ay + \Wf 

Exercise 2. 

625 + 500^ + 150^' + 20;g^ + ^ ' 
81 - 108;2? + 64;^ - 12^3 + ;2^ 

Exercises in Chapter XI, Problem I. 

Answers: (1), db5'2aJV; (2), - 6a^3;2^ ; (3), =fc 8c»j8f* ; 
(4), It has no square root ; (5), -^— . 

oX 
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Exercises in Chapter XI, Problem tl. 

Answers : (1), ib-Sc; (2),* Sax - 12oy ; (3), 7a - 9b 
+ llo; (4).t?^|^% (5),|a-|6. 



Exercises in Chapter XII, Problem I. 

Answers: (1), ISab^y; (2), 4aaJ4-4a^; (3), 7; 
(4), 9a2 - 4ft« ; (6), 180aj ; (6), 12 days. 

Exercise 7. 
In one minute 

Ist and 2d together fill ^ = -^^y 

1st and 3d ^ = -^l^, 

2d and 3d ^b = sh- 

Adding all these together, we find that twice the 1st, 2d, 
and 3d together would fill -^^ of the reservoir in 1 minute ; 
or 

1st, 2d, and 3d fill ^. 

But 2d and 3d fiU ^. 

.•. 1st fills ^ = T^. 

In like manner we find that the 2d alone fills ^j^ = y^ ; 
and the 3d alone, ^^. Therefore the first requires 120 
minutes, the second 168, and the third 840 minutes, when 
working alone. 

Exercises in Chapter XII, Problem IL 
Answers : (1), 56 j (2), 16ab ; (3), 6a« -f- 13a^ + 6 J«. 

Exercises in Chapter XIY, Problem I. 

Answers. 

(1), a; = 134. (3), z^U6. (5), a;=16i. 

(2), a; =46. (4), y=9. (6), a; =208. 

* 96 in the question ought to he 192. 

t The oo-efflcient 6 in ue numerator ^QQliiYA \^, 

88 



84 ALGEBRA. 

(7), z=126. (16), x=l. (25), y=64. 

(8), y = 12^, (17), y = 2^. (26), a; = 6. 

(9), x=lla-\'25b. (18), ;» = 10i. (27), a? =9. 

(10), x=S. (19), ;2r = 5i. (28), y = 61. : 

(11), a:=12. (20), ic=3. (29), i» = 7. ; 

(12), a:=72ig^. (21), a;=8. (30), ;y = 4i, | 

(13), a:=24. (22), a?=3. (31), a?=ll. , 

(14), re = 90. (23), y=22. (32), a; =21. 

(15), y=13. (24), ic=13. (33), a: =6. 

, Of the preceding onlj a few require detailed solutions, 
viz. — 

Bxercise 23. 
Squaring both sides, 

4x(5y-Hll) = 25y-66. 

Exercise 24* 

Squaring both sides, 

(«+5)x(d?-5) = (a;-l)2, 
or, a?»-25=«^-2jJ + l. 

Exercise 25. 
V4y=2Vy, and v|=^=^ Vy. 

.•.iVy+i2=2Vy, 

and JVy=12, or Vy=8. 

Exercise 26. 

Again squaring each side, 

(3» + 31) . (3a? - 9) = (3a; + Sf. 

That is, 9a;2 + 66a?- 279 = 90^ + 18a;+ 9. 

.•.48a; = 288, anda?=6. 

Exercise 27. 

Dividing the numerator of the fraction bj the denomina- 
tor, we have 

2Vic-5 = V»-2. 
S4 
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Exercise 32. 

Dividing the first and third terms by a;+ 7, 

a? — 7 : a; : : 2 : 3. 

ExBBOiSES IN Chapter XIV, Pboblbm n. 

Answers. 

<2), gill (7), g-'i. (.2), gijj: 
(*).$i?S: <'W«t <»>•§:» 

Sohdion of Exercise 10. 
Dividing Eq. 1 by Eq, 2, we have 

x—z = 5. 

Exercise 11. 

7aj-%=24, (8). 

6a?+5y^64. 
x+y =12-8. 
7a;+7^=89-6, (4). 

Exercise 12. 

Clearing the equations of fractions, and collecting the 
terms, we have 

5a?+3r=42, (3), 

and 5^=3a:, (4). 

Multiplying Eq. 8 by 5, 

25aj+5|^=210. 

In this substitute Zx for by. 

28a:^210. 
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Exercise 13. 

Clearing the equatioDS from fraetkme, &e« 

-3a;+10-?=1056, 
and -6a?+ 19-8:= 1962. 

E(»erciae 14. 
Multiplying Eq. 1 by 90, &c. 

83ic- 61^=2530. 

In the proportion, equalizing the products of the ex- 
tremes and means, multiplying the result by 4, &c. 

a?-2y= -10. 

Exercises in Chapter XIV, Frobxjbk m. 

Exercise 1. 

Add the three given equations together, halve the sum, 
and from the result subtract each of the given equations 
in succession. We obtain:. 

Exercise 2. 
Subtract Eqs. 1 and 2 suceessiively from Eq. 3. 

3y + 4;3r±2S^ 

Hence we find the values of f and s^ aad afterwards of 
a;, from Eq. 1 or 2. The values found are 

Exercise 3. 

Multiplying Eq. 1 by 4 and Eq. 2 by 2, 

2a; + |y-f «=40j and 
2x + 2y^-2z^%0. 

Subtract these separately firmn Eiq, 3. 

4y + 3;2r=60. 

y + 2;2f = 40. 
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From these we find y and z^ and then x^ firom £q. 2, viz. 

a;=10, 3^ = 0, ;2? = 20. 

Exercise 4. 

Add Eq. 1 to Eq. 2, and halve the sum. 

4a;-y=19. 

Subtracting Eq. 3 from 3 times Eq. 2, and dividii^ the 
remainder by 2, we have 

x + ly = 70. 
Hence, a?^7, y = 9, and z — 11. 

Exercise 5. 
Clearing the equations of fractions, we have 

+ 8a; + 8y-6-e = 100, (4), 

-3ic + 2y+2-?= 45, (5), 

+ 4a;-3y+42:= 68, (6). 

Subtracting Eq. 6 from twice Eq. 5, 

-10ic+7y=22. 

Adding twice Eq. 4 to 5 times Eq. 5r 

a; +263^ = 425. 
H<eace we find x^ 9, 5^3= 16, and z=20. 



Ex£»ciSES IN Chaftek XV. 

(1 .) Answer, 66f . 

(2.) , 16 and 18. 

(3.) , £442. 

(4.) , ^£770; JS, £380; C7, £750; A £500. 

(5.) , 51 and 49. 

(6.) , 7 and 5 acres. 

(7.) , half way between. 

(8.) , 21, 42, 15, and 22, 

(9.) , 12 and 7. 

(10.) , 7|and3i. 

(11.) , 93-5, and 77-4. 

(12.) , 7 and 17 shilUngs. 

(13.) , £45, 15s. 

(14.) , 4-56, 4-70, 6-70, and ^•^^. 
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(16.) Answer, £45. 

(16.) , 73 and 27. 

(17.) y 48 apples and 42 pears. 

(18.) , 121 and 81. 

(19.) , 100 guineas. 

(20.) , gun, 4 guineas; belt 4; flask 2; and 

grouse, 1 guinea each. 
(21.) Answer, 4 miles. 

(22.) , 16 and 24 acres. 

(23.) , 84. 

(24.) , 27,894. 

(25.) , ^ hours, or 3h. 36 m. 

(26.) , 214T^ndles. 

The solutions of the more difficult are as follows : — 

Exercise 6. 

Let X and 12—0? represent the areas of the two fields. 
Then 

43a; - 28(12 -a;) = 411. 

Exercise 7. 

Let x be the number of hours which the first took 
in walking from Walton: then the other took [x-\-\) 
hours in walking from Middleton. Consequently the dis- 
tances they respectively walk before meeting are ^ and 
3 X (a? -f 1). 

.•.4a? + 3(a; + l) = 24. 
Hence we find a; = 3, 4a; = 12, and 3(a; + 1) = 12. 

Exercise 10. 

(«+y)-(^-y)-7, 

and(d?-y)-y=f. 

Exercise 12. 

Let x and x+^ stand for the sums they respectively 
spend per annum. Then 12 —a; and 12— (a;+^), or 
12— a; — i, are the sums saved yearly; and the sums 
saved in the whole time, by each, are 480 — 40a; and 
480 -40a; -20. 

... 480 - 40a = 2(480 - 40a; - 20) + 6. 
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Subtract 480 — 40a; from both sides. 

= 480-40aj-40 + 6. 

.•.40a; =2= 446, and a;=llT^=£ll, 38. 

12-a; = 17sh. 

12-(a;+i) = 78h. 

Exercise 13. 
Let X be the sum each began with. Then 
a;+15-f = 2x(a;-15-|). 

Exercise 14. 

Let Wy X, y, and Zy represent the quantities required. 
Then 

w+x-^y+z = 22% 
w+z = x+y, 

w = ^z, 
aiidy==aJ4-2. 

Substituting! in the first equation, for a;+^, its value 
tv+z, we have 

2w+2i? = 22*8. 

.". tt?-fi:=ll*4. 

That is, f;2;+;2; = 11-4. 

Exercise 15. 

Let X be the number of yards in the carpet : then 8a; is 
the price of the carpet, in shillings, taking die best quality, 
and 8a; — 20 is the money the lady had with her. 

Next, 7^x will be the price of the carpet of the second 
quality, and 7^x -f 40 is again the money in hand. 

.-.8^-20 = 7^+40. 

Exercise 16. 

Let X be the second part and 100 —a; the first : then the 
excess of the first above 49 will be 51 -a;, and that of 49 
above the second will be 49 —x. Then 

51 -a; : 49-a; :: 12 : 11. 
.-. 561~lla;=588-12a;. 
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Exercise 17. 

Let X be the number of apples he bought, and 90 —a; the 
number of pears. Then a; -r 3 will be the price of all the 
apples, in pence, and ^ x (90 —a;) that of the pears. 

.••| + ^x(90-a;) = 28. 

Exercise 18. 

X "^y ^" •*^j ....*. ••-•.•... .1X1. 
Va:-Vy = 2, (2). 

Divide Eq. 1 by Eq. 2, and we have 

Va:+Vy = 20, (3). 

Taking the sum and difference of this and Eq. 2, we find 
Vaj=ll, and Vy = 9. 

Exercise 19. 

Let x represent IMr Johnson's subscription, in pounds. 
Mr Thomson's will be 3 x (a; - 50) = 3® - 160. Mr Wil- 
son's, 4x[(3a;-150)-50] = 4x(3a?-200) = 12«-800. 
Then 

re + (3a; - 150) + (12a; - 800) = 730. 
Hence we find a; = £106. 

Exercise 20. 

Let w guineas be the value he attached to a brace of 
game ; a;, to the gun ; y, to the shot-belt ; and z^ to the 
powder-flask. Then 

x-\-y-\-z = hw, 
x+i/=4w, 

y-{-z + G = 6w. 

Exercise 21. 

Let 2a; represent the distance of the two places, in miles. 

Then the number of hours taken by the first will be — ; 

3 

and by the second ^+7- 
^ 2 4 

a? iP_^2iP 1 

'*'2'^4"3""*"6' 

^0 
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Exercise 22. 

Putting X for the size of the one field in acres, and con- 
sequently 40 —a; for that of the other, the prices of the two 
ynilhea^md{^0-xy. 

.\a? I (40-a;)> : : 4 : 9. 

Extract the square root of all the terms, according to 
Theorem vu of Chapter xn. 

X : 40-a; :: 2 : 8. 

Exercise 23. 

The digits being x and y, the number will be 10a; + ^, 
and the number reversed lOy -f a;. 

.•.(10a; + y)-(10y+^) = ^^^-6, (1), 

and(10a;+3^)-(10y+^) = J(10^4-«), (2). 

From Eq. 1 subtract — ^^ % and we have 

ioy-y-iQy-a,=6. 

Doubling this, and collecting like terms, 
8a;-19y=12, (3). 

Adding 10^ + a; to both sides of Eq. 2, 

Multiplying by 4, &c., we find 

aJ=2y, (4). 

Exercise 24. 

Let X denote the number of slain ; 2xj of the wounded ; 
y, of the prisoners ; 3y, of those remaining fit for service ; 
and therefore a? + 2a? + y + 8y, or 8aJ + 4y, of the whole 
army. But, by the conditions of the question, 

3y^!^ + 714, 

and2a!-y=677. 
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From these two equations we find y = 4887 and x = 2782. 

.-. 3a? -f 4y =i= 27,894. 

Eaxrcxse 25. 

By the time the second train has got to the 30 mile 
station, the other must be 18 miles a^head of it, since 
5 : 3 :: 30 : 18. 

Let X be the number of miles the first would trairei aJUr 
that, before the second overtook it: then a; +18 will be 
the distance travelled by the second in the same time, or 
the distance from the 30 mile station to the point at which 
the one train overtakes the other. 

.*. a;4-18 : a; : : 6 : 5. 
Hence we find 2;= 90, and a; 4- 18 = 108. 

Next let Iby represent the uniform rate of travelling of 
the first, in miles per hour : then the rate at which the 
second commenced, is 25y ; and its rate afterwards 18^. 

.•.25^-185^=14. 
Hence we obtain y=2, and 15y=30. 

Then 108 -h 30 = 3^, which is the time the first train 
would take after leaving the advanced Station, or the time 
the second would take altogether. 

Exercise 26. 

Let X be the distance from London, that from Edinburgh 
being 389— a;. Then the time taken frt)m London to the 

place of meeting will be — — 4- -^^ — ; and that from 

10 9 

Edinburgh wiU be ^+389-^-100^ J3^ ^ 28|-. 

9 o 

Hence we find x 5= 214^^. 



ExEROisss IN Chaptbb XVI, Prc^lbm L 

(1.) Answer, a;= ± 5. 

(2.) , x= ±14. 

(3.) , aj=7dr5. 

92 



UNBESOLYBD EXBBCISES. 98 

(4.) Answer, ^= 15 or If. 
(5.) , x-=li. 

Solution of Exercise 8. 

Multiplying by 12, we have 

7a^- 84a; 4- 252 = 7. 

Dividing by 7, 

a^-12a;4-86 = l. 

Extracting the square root of each member, 

a;-6= ±1. 

Exercise 4. 

Taking the products of the extremes and means, 

16^» = (5^-15)^ 

Extract the square root of each member. 

Exerme 5. 

Multiplying by 5ir^, and arranging the terms, 

25ic2-70aJ4-49 = 0. 

Extracting the square root, 

5aj-7 = 0. 

ExEBOiSES IN Chapter XYI, Problem II. 

Answers. 

(l.)a; = 8or -18. (10.) ;2r = 22 or - yy>. 

(2.) 3^ = 9 or 6. (11.) a; = 15 or f|. 

(3.) a;=ll or -5. (12.) x^^\ or ± Vi- 

4.) z^^ov 2 J. (13.) 0? = 3 or - V3. 



\ 



5.) a;=15 or 1^. (14.) aj=db2 or ±^(-4), 
(6.)a; = 4or -3. or 

(7.) 3^=13 or 1. dbV(-6)ordbV(-V-6). 

(8.) a; = 3 or i. (15.) a; = ( + 15)« or ( - 3)*. 

(9.) a;=6 or 1. (16.) «=i(3d=V6)- 
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The solutions of the more difficult are as follows : — 

Exercise 5. 
Multiply by 9. 

Hence a;— ^^= ± V* 

Exercise 6. 

Clearing the given equation of fractions, we have 

15iB2_ 15a; _ 180 = 0, 
or a^~^xs=12. 

Exercise 7. 

Taking the products of the means and extremes, 
123^2 _ 56^4. 90 = 6/ 4- 183^+ 12. 

Exercise 8« 

Multiplying by 6a; — 9, we obtain 

-6a;2 + 21«-3 = 2«^-6aj4-3. 

• r2__ SL?r— — ^— — 44- 

anda:*-V^+V^» = i^. 

Exercise 9. 

Multiplying by 2^ — 2, and collecting like terms, 

-21a;2^133^^42. 

Exercise 10. 
Clearing the given equation of fractions, &c., 

37^2 _ 714^:^ 2200. 

Dividing by 37 and completing the square, 

• • * ^7 — =*= 37 • 

Exercise 11. 

Multiply by 45aj- 90. 

84x2 _538x+ 345 = 0. 
^4 
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Dividing by 34 and then completing the square, 

• /y — g 3 3 -»■ _t_ 4 8 7 

Exercise 12. 
Dividing by 16 and transposing, 

Completing the square^ 

Hence we find a? — \or\y and a;= ^\ or dfc Vi- 

Exercise 13. 
Dividing by 5 and transposing, 

a;«-24a;« = 81. 

Completing the square, &e., we find 

ic« = 27 or - 3, and a? = 3 or -^3. 

Exercise 14, 

Completing the square, and extracting the square root, 

a;*-&=d=ll. 

.•.a:* = 16or-6,andiB^:i= db4©r=fcV(-6). 

Hencea;=db2or=fcV(-4), or ±^(-6) or ± V(- V--6). 

Exercise 15. 

Adding 81 to both sides to complete the s^are^ 

«-12VaJ4-36 = 81. 

Extracting the square root, 

V«-6= ±9. 
.-. VaJ = 15 or -3, and «=£:( + 16/ or ( - S)*. 

Note. WecaDnotsaj, bowever^thatars225or9. See 
the Note to Ex. 24 of Pr. ii^ Chap. vn. 

Exerme 16. 
&5 
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Exercises in Chafteb XVI, Pboblem HI. 

Answers. 



1. 
2. 

4. 
5. 









= ±15, f^^ ja;±d=19, 

±12. 



= ±|or± 
±|or± 
= ±7 
±2 
±±12. 
±4. 

± 16 or - 10-92, 
7 or - 12-44. 



(11.) gi 




±7, or - 6, or^4-ldb V-281 ). 
or-7, ori(-l±V-281). 

Solution of Exercise 1. 
Multiplying Eq. 1 by 3, and Eq. 2 by 4, we have 

and 24rB2- 12^2 = 168. 
.-. 8y2± 108, y* = 86, and y = ± 6. 

Exercise 2. 

From the given proportion we obtain 4a? = 5y. 
From the given equation, a; x 6y = 900. ^ 

.-. 03 X 4a;, or 4a:2 ± 900. 

Exercise 8. 

From Eq. 2 we have 2ajy = 1. 

Taking the sum and difference of tiiis and Eq. 1, 

a:«4-2a;y+5^ = 2^ = -f||, 

and c? — 2a3^ 4-y^ ==Ti¥' 

.•.«4-y=±-Hi 
anda— y± ±-^. 

Taking half the sum and half the difference of these two 
equations we obtain the different values of x and y. By 
taking the upper signs only ixi Ivoth equations we find 

9e 
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d; = -f } and y = 4- #. By the lower signs only, we obtain 
a; = — I and y = — ♦. By taking the upper sign in the first 
equation with the lower in the second, we have rt; = -f 4 
and ^ = H- f ; and by taking the lower sign in the first and 
the upper in the second, « = — J and y = — |. 

Exercise 4. 
15aj = 22x(a;-5^), and 

.•.a;—^' ==--—, and 
ox 

15aj = 22xll^, &c. 

Exercise 5. 

Extracting the sq. roots of the terms of the proportion, 
y — 2z I y -\-2z : : 1 : 5. 

and ^z^ = 48, &c. 

Exercise 6. 

20a:»-28y» = 69f 
20a:«-30y» = 68f. 

.-.2^ = 101, and 3^ = 5|=V. 

Exercise 7. 
Extracting the square root of each member of Eq. 1, 

«-8y=±16. 

By this divide Eq, 2, 

a;4-8y=db22. 

Exercise 8. 
Adding together the two given equations, 

aj» -I- 2^3^ +5^ = 8281. 
.•. a;4-y==db91. 

By this dividing Eqs. 1 and 2 successively we obtain the 
values of 2; and j^. 
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Exorcised* 
From Eq. 1 subtract Eq. 2. 

By this divide Eqs. 1 and 2 successively. 

Exercise 10. 

From Eq. 1, y = 22 -a?, (3). 

From Eq. 2, 5a?y-.5«-f 5^ = 610,.. (4). 

Substituting in Eq. 2 the value of ^ found in Eq. 1, and 
collecting like terms, &c., 

5a;*-100ic=-600. 

Exercise 11. 

From Eq. 2, 9a;2= -dz^ +2466. 

From Eq. 1, 9^?^ == 16;^ + 136;^ + 289. 

Subtracting the first of these equations from the second, 

= 25^2 4-136;2r-2177. 

andz=-f|±W- 

Exercise 12.^ 

Square Eq. 1. 

^2-23^^ + ^ = 1, (3). 

In Eq. 2 substitute x for ysu 

a^ + 16ir=2436. 

.•.ar* + 16ic + 64 = 2500, 

anda; + 8 = ±60.. 

.•.a; = y5f=42 or -68, (4). 

Add four times Eq. 4 to Eq. 3. 

^2 ^ 22^;y + ;^ = 169 or - 281. 
.•.y + ;2f=±13 or dbV(-231). 

9^ 
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Exercises in Chaptbb XYII. 

(1.) + 15 or - 5. ' (7.) 85 and 25. 

(2.) li or i. (8.) 13 and 15. 

(3.) 50 X (3 db V5), and (9.) 9, 15, and 25. 

50x(-1:t=V5). (10.) 45. 

(4.) 75. (11.) 1849. 

(5.) 28 years. (12.) 80, 90, and 96. 
(6.) 7 and 12, or - 12 and - 7. 

Solution of Exercise 3. 

Let X be the larger part, and consequently 100 — x the 
smaller. Then, 

100 X (100- a?) =^. 

.•.«» 4- 10ac= 10,000, 

and x^ + 100a; + 2,500 = 12,500 = 2,500 x 5. 

.•.ic+50==b50V5. 

Exercise 4. 

Let ^ represent the number bought, and .%x — 10 the 
number sold. Then 1350 -^ a; will be the cost price of each 
horse, and 130&| •> (a; — 10) will be the selling price of each. 



. 1306^^1350 .o, 

a?— 10 iu 
Hence, 7x^ + 75a; = 46,000. 



Exercise 5. 

Let X be the years the first has been in business, and 
a; — 3 the second. Then 

6300 ^ 6300 _gy 

X a; — 3 
.-.a;* -3a; =700. 

Exercise 6. 

Let X and y be the two numbers, x being the greater : then 

(3^4-5) x(a;-5) = 84. 

(3^ + 3)x(a;-3) = 90. 

.-.a;^ 4- 6a; -52^ =109, (1), 

and a;y H- 3a;-3y = 99, (2), 



100 ALGEBRA. 

SubtractiDg and dividing the remainder by 2y 

a;— ^==5, or «=y4-5. 

Substituting ^ + 5 for ^ in Eq. 1, we have 
^2 4. 5^ ^. 5^ 4. 25 - 5^^= 109, 
or y*-f 5^=84. 



Exercise 7. 
350 . 350 



X rc+10 



+ 4. 



Exercise 8. 

Let X be the price of the first piece per yard, and there- 
fore 195 -^ X the number of yards of it. Then 195 -j- x will 
be the price per yard of the second piece, and x the num- 
ber of yards of it. 

Thena;4- — = 28. ' 

X 



Eocercise 9. 

Let a;, y, and z represent the parts in the order of their 
magnitudes. Then 

« 4-^4-^ = 49,* (1), 

(a?-y)-(y-'^) = 4, (2), ' 

and a;^=225, (3). 

From Eq. 2, x-2y+z = 4:. 

Subtracting this from Eq. 1, we have 

3y = 45, or y= 15. 
From this and Eq. 1, a? + ^= 34. 

From the square of the last equation subtract 4 times 
Eq. 3, extract the square root, &c. 

Exercise 10. 

990 ^990 ^g 
a;4-54 a? 



• ConectioTi for 3d. 
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Let X be put for the number of scores, and consequently 
20x + 9 for the number of sheep. Then, 

|-V(20;P4-9) = 3, 
or?-3 = V(20a; + 9). 

Or let y be taken for the number of sheep : then (y - 9) 
-^ 20 is the number of scores. 

Hence y- 40^5^ = 129. 

Completing the square, we find 

^-40Vy + 400 = 529. 
.-. V5^-20= ±23. 

Exercise 12. 
Let ^x, 1^7, and pB be put for the three members. 

Multiplying by 1800, 

800a?2 4- 1152i»2 + 1,051,200 = 2025a?2. 
That is, 7da^ = 1,051,200. 



Exercises in Chapter XVin, Problem I. 
(1.) Ans. 122. (2.) Ans. -25a. 

Exercises m Chapter XYIII, Problem II. 

Exercise 1. 

Seventh term = 5a + 186. 

Sum =}^^±2^x 7 = 35a + 636. 
2 

Exercise 2, 

First term = 2 yards. 

Last term = 200 yards. 

Sum =101x100=10,100. 
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Exercises m Chapter XIX, Theorem. 

Eocercise 1. 
Let X be the tenth term. Then, by the theorem. 



. ..17— J. T"Y — — • 

a 



Exercise 2. 



Let tf be the ninth term ; and, by the theorem, we shall 
have 

^ 27 27 

Exercise 3.* 

Any sum placed out at compomid interest increases in 
a geometrical progression, for the principal with which 
every year commences increases in the same ratio as that 
of the preceding year. The given principal is the first 
term ; the first yearns amount is the second term ; the 
second yearns amount is the third term, and so on. 

Now, at 4 per cent, the common ratio of the progression 
is 1*04, for £1 put out at 4 per cent, for 1 year becomes 
£1*04, and any other sum increases in the srme ratio. 

/. Fiflh year's amount = sixth term =200 x (1-04)* 
= 200 X 1-21 665 + = 243-33 + = £243 : 6 : 7 + , Ans. 



Exercises in Chapter XIX, Problem I. 

Exercise 1. 
Tenth term =(-0016) x (5a)» = 3125a». 

Exercise 2. 

»»""»» *(l)'x(!)'=(!)'- 



* This should have been plaiced. xui^ex Yioblem i. 
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ExEBCiSBa nr Chapter XTX, Psoblbm n. 

Exercise 1. 

Last term = V - 256 x (^f = 256 x W = 2916. 

(2916-256) -5-^=2660 x 2 = 5320. 

Sum =5320 + 2916 = 8286. 

Exercise 2. 

Last tenn = 1 x 2«<> = 1,048,576 farthings. 

Sum :iMl|2m + 1,048,576 = 2,097,151 far. 

= £2184 : 10 : 7|. 



CHAPTER XXL 

USEFUL FOKBIUL^. 

Note. This chapter has no counterpart in the ^^Course" ; 
but it may be serviceable to the Teacher, as it contains a 
synopsis of the formulsd which are of most frequent use in 
elementary Algebra. 

(a±jy = a*db2a^ + ^. 

(a d= ^►)« = a» d= 3c^b + 3ab^ ± h». 

(a db by = a* ± ia^b + 6a^V^ ± 4a^» -f M. 

(a db by = a* db ba^b -f lOa^^a db 10a«^ -f bab^ d= b\ 

(a db by = a« i 6a«ft + 15a*fta ± 20a«6» -f 15a*6* ± 6aft* -f b\ 

(a±by = a":fcna--^H'?^W^:fc^^^-"\y^"^)a"-*6»+ &c. 

1.2 laifi.8 

(a + 6)-f (a-6) = 2a. 

(a4.6)-(a-«>) = 26. 

(a -h ft)« + (a - J)« = 2(a« + ^). 

(a4.ft)»-.(a-.ft)« = 4a^. 
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104 USEFUL FOBMUUE. 

(a -|. ft)8 4. (a - by = 2(a» -f 30^2). 

(a + ft)8 - (a - 5)8 = 2(3a«J + ^). 

(a + 5)4 + (a - by = 2(a* + Ga^J^ +6*). 

(a + 5)* - (a - by = 2(4a«5 + 4a58). 



(a-5)x(a-f 5) = (i*-i 

(a-5)x(a2 + ai + ^2) = a8-5^ 

(a-5) X (a8 + a25 + a52 -\-h^ = a*^bK 

(a-b) X (a* + a** 4- aH^ + o^s + 5*) = a«-5«. 

(a-ft) X (a" + a"-^6 4- a"^*^ + 5") = a"+^-5"+^ 

(a+ft)x(a-ft) = a2-R 

(a+5) X (a2_a5 + 52) = a*+ft8. 

(a4-^) X (a8-a254-«3* - ft«) = a* - 5*. 

(a + 6) X (a^-a^b-^a^^--ab^ + 5*) = a* + 5*. 

(a + 5)x(a"-a"-^5 + a"-*5a ± 5") = rf^ =fc 5-+\ 

(a + &)^ X (a-'b)^a^ + o^J-fl^-A^. 

(a-^)2 X (a4-^) = a*-a'ft-a^* + ^. 
(a + «»)2 X (a-ft)2 = a*-2a252 + 54. 



END OF PART FIRST. 



MURBAT AKD GIBB, ?B\!!l11&B&t ILDINBUBGH. 



ERRATA. 

Page 8. Line 4. For - 10 V ^ read - 20 V ^. 

8. Ex. 6. Ans. For - 8tf* read + 8c*. 

10. Ex. 13. Ans. For - 51 read + 51. 

20. Ex. 2. For + 30a read - 30a. 

20. Note 1, line 2. For sign read signs, 

23. Last line. For x^y read a; — 2. 

33. Ex. 15. Ans. For 18a read l^ax. 

53. Ex. 6. For y = 40 read y = IQ. 

68. Ex. 3. Ans. For y read z, 

71. Ex. 12. Ans. For 48 read 40. 

82. Ex. 6. For x read a throughout. 

85. Line 3. For Jifth read third. 

85. Ex. 2, in Ch. xi, Pr. ii. For 96 read 192. 

85. Ex.4, For 6a»6» read 12a«^. 

95. Line 1. For 39 read 49. 
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